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Angular momentum and magnetic field  
structure of cloud cores 

and formation of protoplanetary disks



Formation and Evolution of Protoplanetary Disks

Gravitational collapse of cloud core

Formation of protostar  
and protoplanetary disks

Dust grows in the disk.

Planet formation



Angular momentum problem 
Assuming cloud core mass = Msun, r=0.1pc, 
    angular velocity 0.3 km s-1 pc-1

⇒ centrifugal radius ~400 au

Gas cannot collapse to the central star directory

Gas make the disk and accrete onto the star 
due to the angular momentum redistribution  
in (or out of) the disk. infalling gas

Angular momentum of core  
is important star, disk, and  
planet formation.



Outline
• Angular momentum of cloud cores 

• Collapse of cloud cores and disk formation 

• without magnetic field 

• with magnetic field 

• Analytic model of collapse of the cloud core



Outline
• Angular momentum of cloud cores 

• Collapse of cloud cores and disk formation 

• without magnetic field 

• with magnetic field 

• Analytic model of collapse of the cloud core



Rotation Velocity Profile

In summary, the radial density profiles of starless cores in
Figure 7 present a consistent picture of ‘‘ central flattening ’’
where the shape of the profile is shallower at small radii than
at large radii. The N2H+ integrated intensity profile is mod-

eled by a spherically symmetric density law n ! r"!, where
! ¼ 1:2 for r < rbreak and ! ¼ 2:0 for r > rbreak ! 0:03 pc.
Cores with stars are better modeled with single power laws
n / r"! with ! $ 2. These results are the first to show cen-

Fig. 6.—N2H+ (1–0) integrated intensity maps of those cores where ‘‘ local ’’ velocity gradients have been calculated. The gray-scale levels represent 30%,
50%, 70%, and 90% of the map peak. Small dots mark the position of observed spectra where the determination of VLSR from the hfs fit has been possible (see
x 3.2). The thin arrows show the magnitude and the direction of the velocity gradient calculated by applying the least-squares fitting routine to the grid of posi-
tions centered on the corresponding arrow. The thick arrow in the bottom of each panel represents the total velocity gradient listed in Table 5 (the magnitude
of the thin arrows is in units of the total gradient).
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Caselli et al. 2002：Velocity gradient
(ex. rigid rotation: v=rΩ, dv/dr=Ω)
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Angular Velocity Distribution

2262 S. S. Kimura, M. Kunitomo and S. Z. Takahashi

results in the decrease of irradiation temperature with time. Note
that the duration of the Hayashi phase of solar-mass stars is about
107 yr.

We tabulate the resultant physical quantities in Table 2. Qualita-
tively, all the calculations have the same evolutionary characteristics
described above. We find that the time-scales are longer for lower
nenv, 0, higher !0 and lower LX, 0. The cores with higher !0 have
higher angular momenta. This makes the disc radius larger, which
leads to longer disc evolution time-scales tpms and tlife. For lower
nenv, 0, tfall is longer, since tfall is proportional to the free-fall time.
Cores with lower nenv, 0 have higher angular momenta owing to the
larger initial disc radii, so that they have longer tpms and tlife. The pho-
toevaporation rate is higher for higher LX, 0, which results in shorter
tpms and tlife. We also find that the disc lifetime has a power-law
dependence on parameters tlife ∝ !0.4

0 , ∝M0.5
env and ∝L−0.8

X,0 , as illus-
trated in Fig. 3. Thus, the stellar X-ray luminosity has the strongest
impact on the disc lifetime.

For runs with higher !0, lower nenv, 0 and lower LX, 0, the duration
of the accretion phase (tpms − tfall) seems to be longer (∼3–5 Myr)
than expected (Evans et al. 2009; Maury et al. 2011). If this long
accretion phase is real under a system with high !0, the age spread
of pre-main sequence stars in clusters (e.g. Hillenbrand 2009) can
be solved by the scatter of angular momenta of pre-stellar cores.
It is also expected that the longer accretion phase arises from our
treatment of stellar evolution, for which the pre-main sequence
phase starts when the growth of the protostar stops. It is expected that
the pre-main sequence phase starts when the time-scale of Kelvin–
Helmholtz contraction becomes shorter than the growth time of
the central star. This condition is approximately written as L∗,ph >

Laccrt, which is satisfied for t < tpms (see the bottom panel of Fig. 1).
In order to obtain a solid conclusion, we should simultaneously
solve the evolution of the central star with time-dependent mass
accretion, which is beyond the scope of this article.

3.2 Disc fraction

For comparison of our results with observations, we derive the disc
fraction as a function of stellar age. To obtain the disc fraction,
we consider the distribution functions for !0, Menv and LX, 0. From
observations of pre-stellar cores, we can obtain the distribution
function of !0 and the core mass function (CMF: the distribu-
tion function of Mcore). Caselli et al. (2002) observed the velocity
gradients of 26 pre-stellar cores. We use their data to obtain the
distribution function of !0. We find that the distribution function is
well-fitted by the normal function:

f! = dN

d!0
= C1 exp

[
(!0 − !m)2

2σ 2
!

]
, (17)

with !m = 0.8 km s−1 pc−1 and σ! = 1.5 km s−1 pc−1. We plot the
observational data and fitting function of the distribution function
in Fig. 4, in which we see that the fitting formula matches the
observations well. For the CMF, we use the CMF of Aquila given
in Könyves et al. (2010), which is represented as a log-normal
function:

fM = dN

d log Mcore
= C2 exp

[
(log Mcore − log Mm)2

2σ 2
M

]
, (18)

where Mm = 0.9 M⊙ and σ M = 0.3 are the peak and dispersion of
the log-normal function, respectively. In addition to the distributions
of pre-stellar cores, we consider the distribution of LX, 0 from X-ray

Figure 3. The disc lifetime tlife as a function of !0 (upper), Menv (middle)
and LX,0 (lower). The dotted lines show the dependence of disc lifetime on
these parameters.

Figure 4. The distribution function for !0. The thin line shows the obser-
vational data and the thick line shows the fitting result.
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26 cores (Caselli et al. 2002, cf Goodman et al.1993)

Angular velocity: 0.1-6 [km s-1 pc-1]  
Typically ≲1 [km s-1 pc-1] (?) 



Angular Momentum of Cloud Cores
size-velocity relation36Angular momentum transport during the formation and early evolution of stars - EES2012

Fig. 8. Specific angular momentum as a function of radius for different evolutionary
stages or different scales of a star forming region. The specific angular momentum is the

local value (i.e. the product of the rotation velocity and the radius) for all categories

except for the binaries, the solar system, and the Sun for which it truly corresponds to the
mean angular momentum per unit of mass. For most categories, the radius is the radius

at which the rotation velocity was measured or fitted and does not necessarily correspond

to the outer radius of the object. The two solid lines are intended to guide the eye and are
not least-square fits to the data. The vertical dashed lines mark the approximate position

of breaks in the distribution of angular momentum and the horizontal one indicates the

typical specific angular momentum during the protostellar collapse phase. References are
listed in Table 3.

clouds to the Sun – or different scales of a star forming region – e.g., protostellar
envelope, circumstellar disk, jet. References are listed in Table 3. This figure is
partly based on diagrams published by Ohashi et al. (1997), Belloche et al. (2002),
and Chen et al. (2007). There are several caveats to this plot. First of all, for most
categories of objects, the angular momentum was derived assuming that velocity
gradients do trace rotation, which, as was seen in the previous sections, may not
always be true. Second, a correction for inclination was applied for most categories
but not all (see Table 3). Third, the plot is a mixture of an evolutionary diagram
– where the radius can be viewed as probing the contraction state of an object –

(Belloche2013,  
 cf Goodman et al. 1993, Ohashi et al. 1997)



Outline
• Angular momentum of cloud cores 

• Collapse of cloud cores and disk formation 

• without magnetic field 

• with magnetic field 

• Analytic model of collapse of the cloud core



Observation of Infalling Envelope
Disk and envelope structures of L1527 IRS 9
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Figure 5. Mean positions of the PV diagram along the
major axis plotted on a logR− log V plane. The ordinate is
not deprojected. Blue and red points show blueshifted and
redshifted mean positions in Figure 4a, respectively. Dashed
lines show the best-fit lines with a double power law.

dius of the break and the inner power-law index. The
radius of the identified Keplerian disk can be estimated
from the best-fit break radius. Note that low angular
resolutions along the minor axis of disks cause emission
within the radius to be measured at a given velocity
channel and the emission moves the representative posi-
tion inward at the channel, as pointed out by Aso et al.
(2015). This underestimation strongly affects in the case
of edge-on configurations, such as L1527 IRS, because
such configurations make the angular resolution even
lower along the minor axis. We thus take into account
the underestimation. In their notation, the correction
factor is a constant, 0.760, when Keplerian disk radius
Ro is smaller than ! 480 AU with the inclination angle
i = 85◦ and the angular resolution θ ∼ 0.′′5 = 70 AU.
With this correction factor taken into account, the Kep-
lerian disk radius is estimated to be ∼ 74 AU. From the
best-fit break velocity together with this disk radius, the
central protostellar mass M∗ of L1527 IRS and a specific
angular momentum j at the outermost radius of the Ke-
plerian disk can also be estimated to be M∗ ∼ 0.45 M⊙

and j ∼ 8.3 × 10−4 km s−1 pc, respectively, where the
inclination angle is assumed to be i = 85◦ (Tobin et al.
2013; Oya et al. 2015).

4.2. Structures of the Keplerian Disk

As shown in the previous section, a Keplerian disk
has been kinematically identified by the C18O re-
sults. This disk around the protostar L1527 IRS seems

to be kinematically quite similar to those around T
Tauri stars (Guilloteau & Dutrey 1998; Simon et al.
2000; Rodriguez et al. 2010). A tantalizing question
is whether this disk is also geometrically similar to
those around T Tauri stars. Because this disk is almost
edge-on, it is also possible to investigate the vertical
structures of the disk. In this subsection geometrical
structures of the Keplerian disk are investigated.

4.2.1. Continuum Visibility distribution

To investigate the disk structures, we have performed
direct model fitting to the observed continuum visibility
data, which is free from any non-linear effects associated
with interferometric imaging. Figure 6 shows distribu-
tions of the continuum visibilities in three panels, where
red and blue points denote the same groups; the red
points are located near the major axis (±15◦ on the uv-
plane) while the blue points are located near the minor
axis. Note that all the visibilities of each baseline in
each track for ∼ 30 minutes are averaged in these plots.
That is why any trajectory due to Earth’s rotation is not
drawn on the uv-plane (Figure 6a). It should be stressed
that although all the visibilities of each baseline are av-
eraged, no further azimuthal average has been done in
our analysis as is obvious in Figure 6a. This is because
information on structures that are not spherically sym-
metric such as disks is missed with azimuthally averaged
visibilities unless the disks are face-on, as explained be-
low in more detail.
Figure 6b exhibits a trend that the visibility am-

plitudes are higher at shorter uv-distances. The to-
tal flux density 176 mJy measured in the image space
(Figure 1) appears consistent with an amplitude at
zero uv-distance, which can be derived from visual ex-
trapolation of the amplitude distribution. Figure 6b
also exhibits the data points appearing to scatter more
widely at longer uv-distances. This is clearly not due
to the error of each data point, which is ∼ 2 mJy
but due to the structures of the continuum emission.
In more detail, blue and red points have the high-
est and lowest amplitudes at each uv-distance, respec-
tively. Because visibility is derived by Fourier trans-
forming an image, these distributions of the blue and
red points indicate that structures of the continuum
emission are largest along the major axis and small-
est along the minor axis in the image domain, which
is consistent with the image of the continuum emis-
sion shown in Figure 1. Similarly the scattering of the
green points between the blue and red points is due
to structures along directions at different azimuthal an-
gles. In addition, the data points near the major axis
(red points) are also compared with two simple func-

(Aso et al. 2017,  
cf Ohashi et a. 2014)

rotation velocity profiles
L1527 TMC1-A

By using the break point (Rb, Vb) = (67 AU, 2.4 km s 1� ), the
dynamical mass of the central protostar and the specific angular
momentum at Rb, which are not inclination corrected, can be
calculated at M M i Msin 0.43p

2
* *� � : and j j isinp � �

7.7 10 km s pc,4 1q � � respectively. We should note, however,
that the analysis using certain representative points on a PV
diagram presented here may systematically underestimate Rb
when the spatial resolution is not high enough, as discussed in
Appendix A. Taking this point into consideration, the real

break radius can be estimated to be ∼90 AU from the apparent
break radius of 67 AU. Rb ∼ 90 AU leads toM M0.6p* _ :
and jp ∼ 1 × 10−3 km s 1� pc.

4.3. Rotating Disk Models

In the previous section, the detailed analysis of the PV
diagram cutting along the disk major axis was presented to
characterize the nature of rotation, which suggests the existence
of a Keplerian disk in the innermost part of the envelope. In this
section, physical conditions of the Keplerian disk are
investigated based on model fittings to the C18O channel
maps. To quantify physical parameters of the disk around
TMC-1A, we performed a χ2

fitting to the C18O J = 2–1
channel maps based on a standard rotating disk model (e.g.,
Dutrey et al. 1994). When a standard disk model is compared
with these observed C18O channel maps, it is important to note
that the observed C18O emission arises not only from the
diskbut also from the envelope having rotation and additional
motions as discussed in Section 4.1. Because of this, it is
required that only the velocity channels where rotation is
dominant should be used for comparison with a disk model. As
shown in Figure 9, there is a velocity range showing the power-
law index close to the Keplerian law, suggesting that the C18O
emission in this range with V 2.4 km s 1∣ ∣% � � is thought to
arise from the possible Keplerian disk. We intend, therefore, to
fit the channel maps within this velocity range, with rotating
disk models.
We use a disk model with a code described in Ohashi et al.

(2014). The model disk can be described with 10 parameters
summarized in Table 2. The radial dependence of the disk
temperature T(R) and the disk surface density Σ(R) are
described as
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R
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Figure 8. PV diagrams of the C18O (J = 2–1) emission in TMC-1A along (a) the major axis and (b) the minor axis (the major axis corresponds to the white dashed line
in Figure 1, PA = 73°). These PV diagrams have the same angular and velocity resolutions as those of the channel maps shown in Figure 5. Contour levels are 6σ
spacing from 3σ (1σ = 7.1 mJy beam 1� ). Central vertical dashed lines show the systemic velocity (Vsys = 6.4 km s 1� ), and central horizontal dashed lines show the
central position. Points with error bars in panel (a) are mean positions derived along the position (vertical) direction at each velocity. Curves in panel (b) show escape
velocities along the outflow-axis direction for i = 70° and 40°.

Figure 9. Mean positions of the PV diagram along the major axis plotted on a
log R−log V plane. The ordinate is not deprojected. Blue and red points show
blueshifted and redshifted components, respectively. Dashed lines show the
best-fit lines with a double power law. In addition to the inner and outer power,
the “break” radius and velocity are included as free parameters. The best-fit
parameters are Rb = 67 AU, Vb = 2.4 km s 1� , pin = 0.54 ± 0.14,
andpout = 0.85 ± 0.04. The error for (Rb, Vb) is ∼1%.
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The Astrophysical Journal, 812:27 (20pp), 2015 October 10 Aso et al.

(Aso et al. 2015)

Inner region : p~0.5 → Keplerian diks 
Outer region : p~1 (j~const) 
　　　　　　　　→ Infalling envelope

vrot ∝ r-p

Dynamics of the envelope is directory observed.



Constant j in Infalling Envelope

Two fluid elements that conserve j

Even when the infalling gas conserves j, the constant 
specific angular momentum region does not appear. 

infall toward  
central star j2j1j2j1 <<

(cf. Li et al. 2014)

Is this region formed by the infalling gas 
that conserves j ?

Takahashi et al. 2016



Numerical Simulation and Analytic Model
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Collapse of the cloud core (without magnetic field)
3D numerical simulation (Machida et al. 2010)
Analytic model (Takahashi et al. 2013, 2016)

Specific angular 
momentum is almost 
constant in 

(
Σs

Σini

)γ

−
(

Σs

Σini

)γ−1

− 1 = 0 (64)

Q = Qini
cs,s
cs

Σini

Σs
= Qini

(
Σs

Σini

) γ−3
2

(65)

Q =

√
γad
γeff

Qini

(
Σs

Σini

) γ−3
2

(66)

T ∝ Σγeff−1 (67)

γeff = 1 +
log(Tsp/Text)

log(Σsp/Σini)
(68)

β ! 5 < βcrit (69)

! 10Ω−1 (70)

β < βcrit ∼ 10 (71)

Q ! 0.6 (72)

1 ! f ! 2 (73)

∝ r−1 (74)

ρc ∼ 3.5× 10−17 g cm−3 (75)

ji =

(
r

1 [pc]

)1.6

[km pc s−1] (76)

re,i =

(
ji

1 [pc]

)1/1.6

[pc] (77)

re,i ∼ 2000 [AU] (78)

ρc ∼ 9.1× 10−18 g cm−3 (79)

Ṁ = 2.2× 10−6M⊙ yr−1 (80)

Ṁ = 6.6× 10−6M⊙ yr−1 (81)

vφ =
jini
r

(82)

j = jini (83)

vφ ∝ r−0.5 (84)

vφ ∝ r−1 (85)

100AU ! r ! 1000AU (86)

4

Constant j region is formed  
even with the initially rigid-rotating core

initial j profile



　Origin of  “constant j region”
Analytic model： 
Conservation of j in the envelope is assumed 

Run-away 
 collapse j2j1j2j1 ~

j~const ⇔ rini~const
Star formation：Run-away collapse 

prolongate the envelope radially.

j ~ const

The region with constant specific angular momentum 
can be formed as a consequence of strong 
prolongation in a run-away collapse.



Observation of Infalling Envelope
Disk and envelope structures of L1527 IRS 9
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Figure 5. Mean positions of the PV diagram along the
major axis plotted on a logR− log V plane. The ordinate is
not deprojected. Blue and red points show blueshifted and
redshifted mean positions in Figure 4a, respectively. Dashed
lines show the best-fit lines with a double power law.

dius of the break and the inner power-law index. The
radius of the identified Keplerian disk can be estimated
from the best-fit break radius. Note that low angular
resolutions along the minor axis of disks cause emission
within the radius to be measured at a given velocity
channel and the emission moves the representative posi-
tion inward at the channel, as pointed out by Aso et al.
(2015). This underestimation strongly affects in the case
of edge-on configurations, such as L1527 IRS, because
such configurations make the angular resolution even
lower along the minor axis. We thus take into account
the underestimation. In their notation, the correction
factor is a constant, 0.760, when Keplerian disk radius
Ro is smaller than ! 480 AU with the inclination angle
i = 85◦ and the angular resolution θ ∼ 0.′′5 = 70 AU.
With this correction factor taken into account, the Kep-
lerian disk radius is estimated to be ∼ 74 AU. From the
best-fit break velocity together with this disk radius, the
central protostellar mass M∗ of L1527 IRS and a specific
angular momentum j at the outermost radius of the Ke-
plerian disk can also be estimated to be M∗ ∼ 0.45 M⊙

and j ∼ 8.3 × 10−4 km s−1 pc, respectively, where the
inclination angle is assumed to be i = 85◦ (Tobin et al.
2013; Oya et al. 2015).

4.2. Structures of the Keplerian Disk

As shown in the previous section, a Keplerian disk
has been kinematically identified by the C18O re-
sults. This disk around the protostar L1527 IRS seems

to be kinematically quite similar to those around T
Tauri stars (Guilloteau & Dutrey 1998; Simon et al.
2000; Rodriguez et al. 2010). A tantalizing question
is whether this disk is also geometrically similar to
those around T Tauri stars. Because this disk is almost
edge-on, it is also possible to investigate the vertical
structures of the disk. In this subsection geometrical
structures of the Keplerian disk are investigated.

4.2.1. Continuum Visibility distribution

To investigate the disk structures, we have performed
direct model fitting to the observed continuum visibility
data, which is free from any non-linear effects associated
with interferometric imaging. Figure 6 shows distribu-
tions of the continuum visibilities in three panels, where
red and blue points denote the same groups; the red
points are located near the major axis (±15◦ on the uv-
plane) while the blue points are located near the minor
axis. Note that all the visibilities of each baseline in
each track for ∼ 30 minutes are averaged in these plots.
That is why any trajectory due to Earth’s rotation is not
drawn on the uv-plane (Figure 6a). It should be stressed
that although all the visibilities of each baseline are av-
eraged, no further azimuthal average has been done in
our analysis as is obvious in Figure 6a. This is because
information on structures that are not spherically sym-
metric such as disks is missed with azimuthally averaged
visibilities unless the disks are face-on, as explained be-
low in more detail.
Figure 6b exhibits a trend that the visibility am-

plitudes are higher at shorter uv-distances. The to-
tal flux density 176 mJy measured in the image space
(Figure 1) appears consistent with an amplitude at
zero uv-distance, which can be derived from visual ex-
trapolation of the amplitude distribution. Figure 6b
also exhibits the data points appearing to scatter more
widely at longer uv-distances. This is clearly not due
to the error of each data point, which is ∼ 2 mJy
but due to the structures of the continuum emission.
In more detail, blue and red points have the high-
est and lowest amplitudes at each uv-distance, respec-
tively. Because visibility is derived by Fourier trans-
forming an image, these distributions of the blue and
red points indicate that structures of the continuum
emission are largest along the major axis and small-
est along the minor axis in the image domain, which
is consistent with the image of the continuum emis-
sion shown in Figure 1. Similarly the scattering of the
green points between the blue and red points is due
to structures along directions at different azimuthal an-
gles. In addition, the data points near the major axis
(red points) are also compared with two simple func-

(Aso et al. 2017,  
cf Ohashi et a. 2014)

rotation velocity profiles
L1527 TMC1-A

By using the break point (Rb, Vb) = (67 AU, 2.4 km s 1� ), the
dynamical mass of the central protostar and the specific angular
momentum at Rb, which are not inclination corrected, can be
calculated at M M i Msin 0.43p

2
* *� � : and j j isinp � �

7.7 10 km s pc,4 1q � � respectively. We should note, however,
that the analysis using certain representative points on a PV
diagram presented here may systematically underestimate Rb
when the spatial resolution is not high enough, as discussed in
Appendix A. Taking this point into consideration, the real

break radius can be estimated to be ∼90 AU from the apparent
break radius of 67 AU. Rb ∼ 90 AU leads toM M0.6p* _ :
and jp ∼ 1 × 10−3 km s 1� pc.

4.3. Rotating Disk Models

In the previous section, the detailed analysis of the PV
diagram cutting along the disk major axis was presented to
characterize the nature of rotation, which suggests the existence
of a Keplerian disk in the innermost part of the envelope. In this
section, physical conditions of the Keplerian disk are
investigated based on model fittings to the C18O channel
maps. To quantify physical parameters of the disk around
TMC-1A, we performed a χ2

fitting to the C18O J = 2–1
channel maps based on a standard rotating disk model (e.g.,
Dutrey et al. 1994). When a standard disk model is compared
with these observed C18O channel maps, it is important to note
that the observed C18O emission arises not only from the
diskbut also from the envelope having rotation and additional
motions as discussed in Section 4.1. Because of this, it is
required that only the velocity channels where rotation is
dominant should be used for comparison with a disk model. As
shown in Figure 9, there is a velocity range showing the power-
law index close to the Keplerian law, suggesting that the C18O
emission in this range with V 2.4 km s 1∣ ∣% � � is thought to
arise from the possible Keplerian disk. We intend, therefore, to
fit the channel maps within this velocity range, with rotating
disk models.
We use a disk model with a code described in Ohashi et al.

(2014). The model disk can be described with 10 parameters
summarized in Table 2. The radial dependence of the disk
temperature T(R) and the disk surface density Σ(R) are
described as

T R T
R

100 AU
, 2

q
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R R
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2
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Figure 8. PV diagrams of the C18O (J = 2–1) emission in TMC-1A along (a) the major axis and (b) the minor axis (the major axis corresponds to the white dashed line
in Figure 1, PA = 73°). These PV diagrams have the same angular and velocity resolutions as those of the channel maps shown in Figure 5. Contour levels are 6σ
spacing from 3σ (1σ = 7.1 mJy beam 1� ). Central vertical dashed lines show the systemic velocity (Vsys = 6.4 km s 1� ), and central horizontal dashed lines show the
central position. Points with error bars in panel (a) are mean positions derived along the position (vertical) direction at each velocity. Curves in panel (b) show escape
velocities along the outflow-axis direction for i = 70° and 40°.

Figure 9. Mean positions of the PV diagram along the major axis plotted on a
log R−log V plane. The ordinate is not deprojected. Blue and red points show
blueshifted and redshifted components, respectively. Dashed lines show the
best-fit lines with a double power law. In addition to the inner and outer power,
the “break” radius and velocity are included as free parameters. The best-fit
parameters are Rb = 67 AU, Vb = 2.4 km s 1� , pin = 0.54 ± 0.14,
andpout = 0.85 ± 0.04. The error for (Rb, Vb) is ∼1%.

8

The Astrophysical Journal, 812:27 (20pp), 2015 October 10 Aso et al.

(Aso et al. 2015)

p=0.85<1: j of infalling gas decreases  
⇒Magnetic braking ?

vrot ∝ r-p

p=1.22>1: j of infalling gas increases ???
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Figure 2.1: Relation between the velocity dispersion and the size of the molecular cloud.

This figure is taken from Heyer & Brunt (2004).
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Figure 2.2: The normalized mass to flux ratio. The horizontal axis is the column density

of the molecular clouds. µintrinsic > 1 is the super critical and µintrinsic < 1 is the subcritical.

This figure is taken from Heiles & Crutcher (2005).

Chapter 2

Formation of protostars and

protoplanetary disks: Overview

In this chapter, we overview the previous works on the formation of low-mass stars and

protoplanetary disks.

2.1 Molecular clouds and Molecular cloud cores

Formation of stars start from the gravitational collapse of dense molecular cloud cores,

usually embedded in the interstellar molecular cloud of the galaxy.

2.1.1 Molecular clouds

The important features of the molecular clouds are the turbulence and the magnetic field.

The observational turbulent velocity of the molecular cloud increases as the size of

the molecular cloud increases. This empirical relation is called as Larson’s low (Larson,

1981). Figure 2.1 shows the observational result of Larson’s low (Heyer & Brunt, 2004).

The relation of the velocity dispersion and the size of the molecular cloud is given by

δv ∝ l0.5, (2.1)

where δv is the velocity dispersion and l is the size of the molecular cloud.

The magnetic fields in the molecular clouds are measured with the observation of

the polarization (cf. Heiles & Crutcher, 2005, for reviews). If the magnetic fields in the

molecular clouds are sufficiently strong, the magnetic fields prevent the molecular clouds

from gravitational collapsing. The critical mass to flux ratio is (Nakano & Nakamura,

1978)

M/Φcloud =
1

2πG1/2
, (2.2)

whereM is the mass of the molecular cloud and Φcloud is the magnetic flux in the molecular

cloud. Figure 2.2 shows the observed mass to flux ratio normalized by the critical value,

µintrinsic ≡ 2πG1/2M/Φcloud. The mass to flux ratios are widely distributed around the

critical mass to flux ratio.

6

Mass-to-Flux ratio 

Mass-to-flux ratio is widely distributed 
around critical value.

(Heiles & Crutcher 2005)



Collapse with Magnetic Field
Angular momentum transfer in collapse phase 
(Magnetic Braking)

"��

�+�

��296� "����

Magnetic field

Cloud core

Rotation

Lorentz force

Magnetic field transports the angular momentum 
upward.The angular momentum of the infalling 
gas decreases



Magnetic Braking Prevents Disk Formation?

The effect of magnetic braking on the disk formation  
is still under debating. 

Centrifugal balance: j2/r3 = GM/r2 ⇒ r=j2/GM
Disk forms when j>0.

If magnetic braking efficient and j<(GMr)1/2 is satisfied, 
disk is not formed. 

turbulence, misalignment, non ideal MHD 
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Figure 3. Absolute values of the computed magnetic diffusivities for the MRN (left panel) and large grain (right panel) cases, for the illustrative magnetic field–density
relation given in Equation (5). For the MRN case, the Hall diffusivity ηH is negative everywhere.
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Figure 4. Density distribution (color map) and velocity field (white arrows) of the reference model (Model REF) in the meridian (left panel) and equatorial (right
panel) planes, at a representative time t = 6 × 1012 s. The highly flattened, dense equatorial structure is not a rotationally supported disk, but rather a magnetically
supported, nearly non-rotating pseudodisk. Also plotted in the left panel are poloidal field lines, with the same magnetic flux between adjacent lines. The color bars
above the panels are for log(ρ), with g cm−3 and cm as the units for ρ and length.

to the neutral matter (see Figure 3) and magnetic braking more
efficient, our adoption of the MRN distribution is also on the
conservative side. The parameters for this (Model REF) and
other models are listed in Table 1. The results are shown in
Figures 4–6.

Figure 4 displays the density distribution and velocity field
on the meridian and equatorial planes for the inner part (103 AU
scale) of the computation domain, at a representative time
t = 6×1012 s (or twice the initial free-fall time), when 0.57 M⊙
(or 57% of the initial core mass) has fallen to the center. From the
left panel, it is clear that the density distribution on the meridian
plane is highly flattened, especially at high densities. The dense,
flattened, equatorial structure is not an RSD, however. Direct

evidence against such a disk comes from the right panel, which
shows a transition from an outer region of rapid rotating-infall
to an inner region that is neither collapsing nor rotating rapidly.
The transition is shown more quantitatively in the left panel of
Figure 5, where the infall and rotation speeds on the equator
are plotted. The equatorial infall is initially slowed down near a
relatively large radius r = 5×1016 cm. It corresponds to the edge
of the magnetic bubble inflated by magnetic braking (not shown
in Figure 4), where a magnetic barrier forces the collapsing
material over a large solid angle into a narrow equatorial channel
(see Figure 2 of Mellon & Li 2008 and associated discussion).
Upon passing through the barrier, the material resumes rapid
radial infall, spinning up as it collapses, until a second barrier is

6

(Li et al. 2011)
outside of the parental core. Thus, the angular momentum of
the direction opposite to the disk would eventually be cast
away to the interstellar medium.

4. CONCLUSIONS AND DISCUSSION

In this study, we investigated the effect of the Hall current
term on the formation of circumstellar disks. All non-ideal
effects, as well as the radiative transfer, are considered. To our
knowledge, this is the first study that simultaneously includes
these physical processes in a three-dimensional simulation.
We found that the disk evolution can be categorized into two

cases depending on whether the magnetic field and the rotation
vector are parallel or anti-parallel. In the anti-parallel case, a
relatively large (r 10 AU2 ) and massive disk forms simulta-
neously with protostar formation; however, a disk with
r 1 AU2 does not form in the parallel case. Thus, the parity
of the magnetic field significantly changes the disk formation
process, which has not been paid much attention to so far. Since

Figure 2. Solid lines show the ratio of the sum of the centrifugal force and the

pressure gradient force to the radial gravitational force, q .
v x p

1
r

r

2

�
S��

�'
G

Here, vG, p, and Φ are the rotation velocity, gas pressure, and the gravitational
potential, respectively. The dashed lines show the ratio of the centrifugal force

to the radial gravitational force, q .
v x

2 r

2

�
�'
G The dash–dotted lines show

q 0.5� . In the regions where the dashed lines are larger than the dash–dotted
lines, the gas is mainly supported by the centrifugal force. The top and bottom
panels show the results of Models Para and Ortho, respectively. The epochs of
each model are the same as those in Figure 1.

Figure 3. Time evolution of the mean specific angular momentum of the inner
region with 10 g cm12 3S � � � as a function of the central density. The solid,
dashed, and dotted lines show the results of Model Para, Ortho, and NoHall,
respectively.

Figure 4. Magnetic diffusion coefficients, , ,O HI I and AI at the center as a
function of the central density in Model Para. The red line shows OI , the green
line shows HI where the dashed line shows the region of 0HI � , and the solid
line shows the region of 0HI � , and the blue dash–dotted line shows AI . The
black thin line shows the “critical value” of HI , B3 10 cm sc

20 2 1( )q �

suggested by Krasnopolsky et al. (2011) above which the disk is formed in
their simulations. Here, Bc is the central magnetic field.

Figure 5. Cross-section of vG in the x–z plane in Model Para. The epoch of the
snapshot is the same as that in Figure 1.
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(cf. Seifried et al. 2012, Joos et al. 2012, Matsumoto et al. 2004)

560 M. N. Machida et al. [Vol. 63,

Fig. 3. Density distribution (color and contours) and velocity vectors (arrows) on the equatorial plane at four different epochs for model 1. The elapsed
time t , protostellar mass Mps, circumstellar disk mass Mdisk, and envelope mass Menv are listed in each panel. The dashed circle in each figure
corresponds to the density contour for n = 1011 cm!3 above which the Ohmic dissipation begins to become effective.

3.1. Disk Formation for a Typical Model

In this subsection, we describe the disk formation for
model 1, which has the parameter ! = 1. Figure 3 shows
the time sequence of the density distribution around the center
of the collapsing cloud on the equatorial plane for model 1.
The elapsed time in units of the initial free-fall timescale,
tff;c, and year after the calculation begins are described in
each panel. The protostellar, circumstellar disk, and enve-
lope masses (Mps, Mdisk, and Menv, respectively) are also
described in each panel. The protostellar mass, Mps, is defined
as the mass falling into the sink. To determine the circum-
stellar disk in the infalling envelope, we estimated the velocity
ratio, Rv (" jvr=v" j, where vr and v" are the radial and
azimuthal velocity, respectively), in each cell, and specified
the most distant cell having Rv < 1 from the center of the

cloud. Then, we defined the disk radius, rd, as the distance
of the cell furthest from the origin, and the disk boundary
density, #d;b, as the density of the most distant cell (i.e., at
r = rd). Finally, we defined the circumstellar disk as a region
that has a density of # > #d;b, and estimated the circumstellar
mass, Mdisk. Machida et al. (2010a) showed that the Keplerian
rotating disk is well identified with this criterion. In addition,
in each timestep, we estimated the total mass, Mtot, which
is sum of the total mass inside the gravitational sphere inside
r < 2 rBE and the protostellar mass. Then, we subtracted the
circumstellar disk mass and protostellar mass from the total
mass, and derived the mass of the infalling envelope as

Menv = Mtot ! Mdisk ! Mps: (13)

We confirmed that the sum of the protostellar mass and the total
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Outline
• Angular momentum of cloud cores 

• Collapse of cloud cores and disk formation 

• without magnetic field 

• with magnetic field 

• Analytic model of collapse of the cloud core



Analytic Model of Infalling Envelope

◉Advantage of the analytic model

Calculation of long term evolution 
Parameter survey  
Comparison with observations 
…

(Takahashi et al. 2016)

(Kimura, Kunitomo, Takahashi 2016)

The analytic model is useful to investigate  
formation and evolution of disks

◉Investigate the effect of the magnetic field  
　from another pint of view of numerical simulations

We already develop the model  
without magnetic field (Takahashi et al. 2013)



Collapse of Molecular Cloud Core

We calculate the mass infall rate 
approximately taking into account 
the effect of pressure.

Spherical collapse, Isothermal, 
(cf. Cassen and Moosman 1981) 
Pressure gradient force ∝ r-1 u

(Takahashi et al. 2013, 2016)Assumption：

磁場入り星形成モデル 3

また、この赤道面からの高さ

z =
√
2ri∆ri (6)

球対称なので、θは一定。各時刻 tでの∆r = (dr/dri)∆ri, ∆φ = (dφ/dri)∆ri (磁力線でつな
がれたガスの方位角のずれ)が分かれば磁力線の形状が分かる。Takahashi et al. (2016)の式
(6)

t =
2

π
tff

∫ 1

x

dx√
f−1 ln x+ x−1 − 1

(7)

ここで x = r/ri. 時刻一定で riについて差分をとると、

0 =
2

π

dtff
dri

∆ri

∫ 1

x

dx√
f−1 ln x+ x−1 − 1

− 2

π
tff

1√
f−1 ln x+ x−1 − 1

∂x

∂ri
∆ri (8)

∂x

∂ri
=

1

tff

dtff
dri

√
f−1 ln x+ x−1 − 1

∫ 1

x

dx√
f−1 ln x+ x−1 − 1

(9)

ここで

dtff
dri

=
π

2

d

dri

√
r3i

2GMr

= tff

[
3

2ri
− 1

2Mr

dMr

dri

]

= tff

[
3

2ri
− 1

2Mr
(4πr2i ρi)

]

=
3

2

tff
ri

[
1− ρi

ρ̄(ri)

]
(10)

ここで ρ̄(ri) = Mr/(4πr3i /3)。従って、
∂r

∂ri
= x+

3

2

[
1− ρi

ρ̄(ri)

]√
f−1 ln x+ x−1 − 1

∫ 1

x

dx√
f−1 ln x+ x−1 − 1

(11)

ここで、 ∂
∂ri
は、球殻をラグランジュ座標 (ri, t)で表した時の riに対する偏微分。

また、式 (3)より
∂φ

∂ri
=

2tffΩi

π

[(
1

Ωi

dΩi

dri
+

1

tff

dtff
dri

)∫ 1

x

x−2dx√
f−1 ln x+ x−1 − 1

− x−2

√
f−1 ln x+ x−1 − 1

∂x

∂ri

]

(12)

=
2tffΩi

π

[(
1

Ωi

dΩi

dri
+

1

tff

dtff
dri

)∫ 1

x

x−2dx√
f−1 ln x+ x−1 − 1

− x−2 1

tff

dtff
dri

∫ 1

x

dx√
f−1 ln x+ x−1 − 1

]

(13)

(外側の球殻は赤道面ではなく角度 θの位置で磁力線とつながっているため、∂θ/∂ri の項も
現れるが ∂θ/∂ri ∝ ∆riで次数が一つ大きくなるため項を落としている。) 特に、初期に剛体
c⃝ 0000 RAS, MNRAS 000, 000–000

tff : free fall time
f : Initial gravity/pressrue

2 Takahashi and Inutsuka

ri Δri

磁力線

θ

Figure 1.

ここで、ガスは球対称に infallすると仮定しているので、落下の過程で θiは一定。Takahashi

et al. (2016)の式 (5)より、
dr

dt
= −

[
2GM

(
1

fri
ln

(
r

ri

)
+

1

r
− 1

ri

)]1/2
(2)

これを使うと

φ =
Ωi

sin2 θi

∫ ri

r

(ri
r

)2√( ri
2GM

)[ 1
f
ln

(
r

ri

)
+

ri
r
− 1

]−1/2

dr

=
2Ωitff
π sin2 θi

∫ 1

x

x−2dx√
f−1 ln x+ x−1 − 1

(3)

ここで x = r/ri. 赤道面を考えると θi = π/2より

φ =
2Ωitff
π

∫ 1

x

x−2dx√
f−1 ln x+ x−1 − 1

(4)

2.2 隣り合う球殻の位置のずれ

初期に半径が∆rだけ離れた二つの球殻を考える (図 1)。二つの球殻が回転軸に平行な磁場
に貫かれている場合を考える。内側の球殻の赤道面上の点を通る磁力線が外側の球殻を貫く
時の回転軸からの角度を θとする。このとき

sin θ =
ri

ri +∆ri
= 1− ∆ri

ri
(5)

c⃝ 0000 RAS, MNRAS 000, 000–000

ri : initial radius 



Effect of Magnetic Fields

Magnetic fields deforms with collapse  
 ⇒magnetic tension

We use ideal MHD in the envelope and aligned fields

magnetic fields

magnetic tension



Magnetic Tension
Neglecting the back reaction 
（~upper limit of magnetic tension）

We focus on midplane gas  

We obtain time evolution of  
angular momentum and  
derive condition for  
disk formation approximately. magnetic tension



Condition for Disk formation
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(46)の変更。x → 0で支配的な項のみを取り出すと、
1

Ωir2i

(
B2

0i

GMrρi/ri

)−1

[ji − j(x)] =
1

8π

∫ 1

x

x′−1dx′ = − ln x

8π
(71)

ji − j(x) = − ji
8π

(
B2

0i

GMrρi/ri

)
ln x (72)

以下

a =

[
1

8π

(
B2

0i

GMrρi/ri

)]−1

(73)

とする。角運動量が 0になる半径は、

x = exp[−a] (74)

r = ri exp

[
−8π

GMrρi
B2/ri

]
(75)

円盤半径は j =
√
GMrrixを代入して得る。

1−
[
GMr/ri
(Ωiri)2

]1/2
x1/2 = − 1

8π

(
B2

0i

GMrρi/ri

)
ln x (76)

以下、

b =

[
GMr/ri
(Ωiri)2

]1/2
(77)

よって

a+ ln x = abx1/2 (78)

xea = exp[abx1/2] (79)

−ab

2
x−1/2 exp

[
−ab

2
x−1/2

]
= −ab

2
e−a/2 (80)

ランベルトW関数 (ω関数、product logarithm 関数)を使って、

−ab

2
x1/2 = W

(
−ab

2
e−a/2

)
(81)

x =

(
2

ab

)2

W

(
−ab

2
e−a/2

)2

(82)

円盤形成の条件はW関数が値を持つ範囲

−ab

2
e−a/2 > −e−1 (83)

(Ωiri)2

GMr/ri
> 16π2e2

(
GMr/ri
B2

0i/ρi

)2

exp

[
−8π

GMr/ri
B2

0i/ρi

]
(84)

x → 0でW−1(x) = ln(−x)− ln(− ln(x)) （Wが多価関数、x < 0でW < −1となる方の解
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がW−1）.

W

(
−ab

2
e−a/2

)
= −a/2 + ln(ab/2)− ln(a/2− ln(ab/2)) (85)

よって、解析モデルから得られる円盤半径は

x =
1

b2

[
1− 2

a
ln(ab/2) +

2

a
ln(a/2− ln(ab/2))

]2
(86)

となる。[]の第一項までが、角運動量が保存したときの円盤半径に対応

r =
j2i

GMr

[
1− 2

a
ln(ab/2) +

2

a
ln(a/2− ln(ab/2))

]2
(87)

一方、x → 1のとき、
1

Ωir2i

(
B2

0i

GMrρi/ri

)−1

[ji − j(x)] =
1

4π

f

f − 1

[
1− ρi

ρ̄(ri)

]
(1− x)2 (88)

補足: x = 1− ϵとする。このとき

f−1 ln x+ x−1 − 1 = ϵ(1− f−1) (89)

よって、

1

Ωir2i

(
B2

0i

GMrρi/ri

)−1

[ji − j(x)]

= − 3

16π

[
1− ρi

ρ̄(ri)

] ∫ 1

1−ϵ

1√
ϵ′(1− f−1)

×
(∫ 1

1−ϵ′

(1− ϵ′′)−2

√
ϵ′′(1− f−1)

dx′′ − (1− ϵ′)−2

∫ 1

1−ϵ′

dx′′
√
ϵ′′(1− f−1)

)
dx′

= − 3

16π

[
1− ρi

ρ̄(ri)

]
1

1− f−1

∫ ϵ

0

ϵ′−1/2

×
(∫ ϵ′

0

(1− ϵ′′)−2

ϵ′′−1/2
dϵ′′ − (1− ϵ′)−2

∫ ϵ′

0

ϵ−/12dϵ′′
)
dϵ′ (90)
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Anglar Momentum in Envelope
Ωi = 8.1 x 10-14 s-1, B0i  = 14.3 µG, n0i = 105 cm-3

t = 2x105 yr (Mps~0.5Msun)

Model predict that disk radius is ~300 au

Kepler rotation

result of the model
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These results should be compared with simulations.



Comparison with a simulation
2288 M. N. Machida, S. Inutsuka and T. Matsumoto

Figure 7. Density (colour and contours) and velocity (arrows) distributions on the equatorial plane for models BE1–BE6 when the protostellar mass reaches
Mps approximately 0.5 M⊙. Elapsed time after the cloud begins to collapse t and that after protostar formation tc and protostellar mass Mps are given in the
upper part of each panel. Model name, accretion radius racc and parameters α0 and µ are also given. Threshold density nthr is described in panel (d), in which
both an accretion radius and a threshold density are imposed for the sink.
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disk radius ~100 au

Farther comparison with 
the simulation and update  
of the model is required

(model prediction is ~300 au)

rdisk ∝ ji2 ∝ ri4 
Strongly depends on  
initial radius ri



Summary 
• Angular momentum of cloud cores is important for protoplanetary  disk 
formation, so that it is also important for star and planet formation. 

• Without magnetic field, angular momentum of the infalling envelope is 
conserved and flat j profile is formed. 

• Magnetic field transfers the angular momentum in the envelope and will 
strongly affect the disk formation. 

• We develop the analytic model for the infalling envelope with magnetic field 
and investigate the time evolution of the angular momentum in the envelope. 

• Compered with the numerical simulation, the model overestimate the disk 
radius. This may caused by the assumption of the spherical collapse in the 
model. 

• Farther comparison with the simulations and update of the model is required.


