ggoo g

Arch. Rational Mech. and Anal. 49 (1973), 311-320

Oo0o0o0o0ooooooooon
Singularities and Collisions of Newtonian Gravitational
Systems

Donald G. Saari

1. 0

00000 -00000000000000000000000000000O00000
000000000000 0000000000000000 20000000000 ¢00
0000000000000000000000000000000000000 t=000
0000000000000 0000000000000000000000000000
00000000000000000000t—0+0000000000 0000000
0000000000000 O0000000000(56000000000000000
000000000000000000000000.)
000000000000¢t—000000000000000000000000000
00000000000000000000000000000(000000000000
0000000000000007)00000000000000000000000000
0000000000000000000@O000000000000000000 (1.2
000)000000000000.)
00000000000000000000000000000000000000000
000000000000 000000000000000000000000000000
000000000000000000000000000
000000000000000»0000000000000000000000000
00-,0000000000000000000000000
0000000000000 0000-,00000000000000000000000
;000000000000000000000000000000m,,;000v,00000
0000000000000000000000000000r;=r],rg=]|rx—r/000

000
DDDDDDDDDDDDDDDDDDUzzfmmeDDDm&:Qgﬁmﬂ%%:ﬁl
ij

-9V nopo0 ()0D001<i<;j<n0000000000000007T=U+A0

Ooo0oOooo2r=ymv?0000AR0000000002I=yYmx?000000000
gbobob-o00oboo

(1.1) [=2T-U=T+h=U+2h,

1



gooo
goobooogooo

QM[ = Zmlmj(rz — I’j)2,

000000000 MOO0OO0ODDODO00000000 /Y?2000000000000000
gbobboobouoggoboboogo

R(t) = maxri;(t)

i#j
O00Om000000000D0000000,;00000000 2MI > mym;(r;—r;)*>
mi(r; —1;)? 000000000 ¢+0000000 450000 ry(t) = RO DO0O0O0D
O I'2 > meR/(2M)/?000000000000000000000000000000
2MI =Y mimyrd < S mym;R* = M?R?/20000000 r(t) =minr,;(¢() 0000000

ij —

U-l00000000000000o0o00o0o0o0oo00oooooooooon

mgR*/(2M) < I < MR*/4,
(1.2) 2 —1 2 ~1
mgr— < U < M*(2r)™",
OoOoooooooa

O00000000000000000000000000000 [2; 8, pp. 19-27]0 18950
O0000t¢+t=000000000000000O0t—-0000r—-000000 (00000
(1.2) 000t —-0000U - o0)000000D0r —-000000000000000O0
000000000000000000000000o0oOr) 000000000 ODOOOO
r— 0000 limsupr;; >00000 liminfr;; =0000000000000000000O
OO00000-<300000000000000O00000DO00DO0DO0O0O0O00O0O00DOOd
n>30000000000

19100 0 H. von Zeipel[10]0O0r - 0000 I =0(1)00¢t=000000000000
OO0000OO0D0OO0DO0o0DOO0o0obOo0ooooooooooonooon

1968 O O Pollard & Saari[3]|0 t=000000000000000000000¢t—00
D0U~A/FD0D000000000000 A00O0DDDOOOOO@ODO0ODDOO
0000000000000000.) 0000 400000 70000000000000O
Ooooodo

1970 0 OH. Sperling[9] 0 von Zeipel 00 0 0000000000000 von Zeipel-Sperling
OO00000O00O000000DO0oooooDo0oob0ooO0bO0obO0obOOobOOooOoooa
0000000 von Zeipel O Sperling0 0000000000000 0OODOOOOOOOO
o0oo

2. 000

00 f0+—000000000000000000000 80000 f£(8t)/f(t)— 10
0000000000000 [1, pp. 272-276)00000 (nt 1000000000000
000



Oo0 1.¢t=00000000000¢t—=0000 700000O000O00O0ODODOODOO
gooo

O 1(von Zeipel, Sperling)dt — 0000 [ =0(1)0 000000000000

0000000000000¢=00000000000000000000000 ¢— 0
000U —0o0000000(1.1)000¢t—0000] »000000000/0(00)0
0000¢t— 000000000 (I>0)000000000000007=0(1)00000
00000000 —000 700000 —0000000000/0000000000
000000000000000000000000000

000000000000000000000

1. 000000000000000 r; 0000 Oliminfry/(I)Y2 =000 limsup r;;/(1)Y?
>0000 (00 1)0

2. 0000000000000000000000000MO00000000 7420000
00000000000000000 {4},4—-000000000000 (00 2)0

3. (2000000)0+000000000000000000@MO00000000000
000000000000000000000000000000000000(00 0(JY)
000000000)0

4 (1)00000000000000000000100000000000000000
000000000000000000000000000000300000000000
0000000000000000000

5. /0000000000000000000000000000000

. 0gunbooogg

0000000000000t=000000000¢t+=00000001710(@00O)000

t—otodbobbbuogbobbboobobobbbbuoooobbobbbbuooon
cboooboboboobobobobobobobbooboo /booboobooboobooo
goooooooobbitdr—-000b0000ooobbbbbgooaoa

b 1. 00000 0000obobog

liminfry,/(I)Y2=0 000 limsupry/(H)Y? as t—0+.

00. 0000000000000000-0000000000 A>000000000
0r;0000r/IY?00000000000000r;/IY2>A00000000000
t—0+000r/IY?-000000000000004,jeGO000000000000
00000000000 GyLk=1,2,....p<n0000000

s0000000 C,0 M,C, = Syeq. mr; 0000000000 M, = Yiee,m; 0000




goboboboogggobooood

. 3} m;m;(r; —r;) P m;m;(r; —r;)
S T
I k=1 j5e€G,
k#s 1€ G

000000000000000000000000000000000000000000
00000000000 r;?<A2'0000000 MG, =0(")=0(1)0000
00000000400 6(0<t<t,)00000000000

Cy(t2) — Cu(ta)| = O(ta — t).

t,t,—000000000000000000000000000000000000000
0000000000 ¢, 000000000000000C,=0(1)0000000000
00000000t—0000s=1,2,...,p0000C,—L,00007=0(1)0000
G,00000004,jeG,00r; -000000000r;,r; »L, 0000000000
0000000000000000000000000000000000
I4£0(1)00 1 —00c0000000000000

1 1
(32) —ZZmi(ri—Cs)Qzl——ZMng.

28=1i€Gs 25:1
000d0d0ooooo0oboObO0od0d0d0d0d0o0OooOoooD Gy00oooooooboooa
OoI)000D0000OI=0o(/)D0000000000OOOOOODOOOO d

OO0 2. 000 A000dooogo €>ODDDDD{ti},ti—>ODDDDDD k,gOO0On0
rij(ts) < e(I(t;))"?
0000 AU(L)? <ry(t)000000000000000000000

00. p(rd)0t=70000r,;/[Y? >d000000 7, 00000000(1.2)00
> <4/MO01<n(r,d <n(n—-1)/20000000000000¢t000d < 2/(M)"2
00000 D(td) = {n(r,d) : 7 € (0,)} 0000 E(t,d) = glb.D(t,d) 00000000
D(t,d)0000000000000 E(t,dO00000000¢ <t00 D(ty,d)0 D(t,d) D
000000 E(,d) > E(tdD000000000000000d, <d000n(r,dy) > n(r,d)
000 E(t,d) > E(t,d0000002000000000000000

(3.3) ty <t, dy <d, 00 E(ty,dy) > E(t,d).

F=1ub.E(t,d000000000<t<1,0<d<2/MY?0000F000000000
O0000000 FOODODODOO0DO0O000O0t=t000d=d, 0000 E(ty,do) =F
D00D0(33)00000000<t<t0000<d<d0000 E(t,d =FO00000
000000 (0,4)0000000000000 FODODOOOr,,;000000<d<d,0
000 >d4dNY?0000



2A = min(dy, {limsup r;; /1Y?| limsupr;; /12 >0} 00000000 e< A000000O
000000t<40000000¢t <t00000¢t=00000000 (1/2)(n)(n—1)—F
ooooodr0 e[V?000000000000000000000000000<7<¢
0000 n(r,e) > FOO0O0O0ODOOOOOOOOOO E(t,e)>FO0000O0OO0O0 FOOO
0(33)000000000000000000

000000000+ 0000Y?000000000000000 FOOODODODOO
D00000000000¢t<t,000024/'?000000000000000 FOOO
0D0000000000000 AN)Y?000000000000000000000 O

4. Jggogno

60 min(meA42/8,4/2) 0000000000000 20000 {¢,}000000() ¢ — 00
i) t=t000000000k #j,kj=12...,n0000 r; <&O)Y?2000 ry >
AIY?20000000046 = (25/M)V20000000 ¢! =sup{t|t <t,000000 4,50
000 r;(t) <6 IV2(t) D000 r;(t) > AIY2)} 000000

O00000¢#0000000000000000000000 (0,4,)0006/Y2000
000024/2000000000 »;0000000200000000 FOOODOODOO
r;, 00000000000 ¢+024Y20000000000000000000¢#000
2A7'?00000000000000000000000 (¢,t,)0000t0000 2A7Y2
O000D0D0000000F-1000000000000000000O0 FOOOOOOO
00+#0000000000000000000000 (0,+,)00000000000000
00001000 ADDDO (24 < limsupry;/IV?0000 limsupry;/IV2 > 0)000000
D000000oDood

0000000000 4, <t0000004>100000000000#000000
0000000000#=inf{t|ti<t<t,_;000004,;00000

’I“Z](tz) < (51]1/2(t1),

00000 > AIM(¢)}0#00000000000000000 [t,4,000000
0ln(n—1)—FOO0OD0D0O0 AIM?000000000247Y2000000000000
00¢ ,0000000000#00000000000000000000000000
0, 000000000000 AY0000000000000247%200000

gobooood
O0l1gogooooooboooooo Gpyobobobn

Gr = {i,j|ri; < AI'? for t € [t}, 2]}

177

godotdoouobooouooobo 2000 onooooooonooooooa
0000 (0000000000000 00oooooooooO)DsOoooo c, 0000
MC,OOO0ODODOOoDOoOoOooOoaoa
MSCSZ Z mkmi(gk_ri)+ zp: Z mkmiigk_ri)'
k,i€Gs ki j=1 ked, ki
j#s 1€ Gy




0000000000000000000000000000000000000000000
0000000 mem/r3,0000000000k0:000GO0000000 r, > 2472
000000000, 0000000

(4.1) |C,| < M/4AT = B/I.

00 |C|000000000000000000000000O0OoO00DoDooOooonO
gooboogd

p
(4.2) 1}:}:mxn—cgﬁzf—lzymcng—l
2 s=14ieGg 2

C,00 G,0000000000004€G,0000;jeG,0000 |r;—Cy<|r;—r
0000000600046, 00000000¢042)00006000000000000
0t 0

(4.3) J>(1-6)I.

oooo0
00#,j=1,20000000000000 AIV?000000000n 000,000
000000 ¢*+0*>3(e—0)?00000 420000000

1 1
émo((rl — CS)Z + (CS — r2)2) Z Zmo(rl — I'2)2 Z C]

gobobboooggoood

4.4) C =moA?/4.

—~

2<C<l0O000000DO0O0O000O0O0J>00000)) DDDDDDDt{,j:LQD

5
<(1-C)ooooooo

NN

(4.5) J(t:) = J(t) > (1 =8It;) — (1 —C)I(t).

t—-00000I—-L>000007—-oc0c00000O00OM0D000000DOO0O0DOOO
0000000000000 D000000000D0O0D00D0D (motivatey OO OOODOO
gboboboouodaibed
(C=9)L/2(2— (04 C)),

00000000000000¢.,000000<¢t<t,00|I—-Ll<e0000000
00000 (4.5)0

(4.6) Jt)—JH)> (1 =6 (L—e)—(1—=C)L+¢)>(C—06)L/2

gbobobudggy=1,20000
(42)0 JOOOOODOOOODOOOO sOOOO

C2(t;) — C(t?) > (C — §)L/2pM, > (C' — 6)L/2nM = D(8L/my)*/?

6



0000000 D>0000000m|Cy(t)?<2L0000000000
(4.7) C. (1) — Cu(t2)] > D.

00/—L>000000 (47)000000000000007>L-00000000
(41)0000000¢ 6 €t,?)000000000

(4.8) Co(6) = Culén)| < B(t] —1)/(L —¢) < Btia /(L —¢).

(46)000J000 [¢,#00000000000J<00000J0000@4.1)000

1771

M,C?<I0000 (00D (42)0000)000000000
ST MCE <Y MCy - Cp < Y (MI)Y2B/I < BnM'Y?/1'? = B, /T'/?
0000000 JOo0O0OO0
|C,| < (By/MIY*)Y? < (BnMY? /mo(L — £)V/%)1/2,

00000 (48) 000000000 tL¥)00000¢t000000000

(4.9) |C,| < (BnMY?/mo(L — &)Y))Y? + Bt;_1 /(L — ¢).
000000000 (4700000 €€(t,?)000000000

0< D <|Cit;) — Cs(8)| = [t: — t2]|C,(8)]
< ti_ {(BnM"? /mo(L — e)V/*)Y? 4 Bt;_, /(L — ¢)}.
D00D0000#00000000000000(00 D,BO0OOLO An000 MOOO
000000000000000000000 000 G,00000.) 0000000000

o0+ ,0000booboobooboob pobooboobooboobOooDt —ao0
gboboboogoobboog

5. b 10004gn

oboobooboboboobobbt—=0000 I —o0c0oObOoobOooboobOoOO
gbobobooooobobboogbobbboooon

b 3. t—0000 [DDDDDDDDDDD)&HODDDtf/[—>ODDDD€>O,O<B<1
0000000000000 ((Bt,t)00 0000000000

i(¢) < eIt/ (1),
00¢0000

00.0000(10)0(1.1)0007—-000000000¢t—-00000000 1 — o0l
00/ —-0c0000/000000000000000003<10000 I(8t)/1(t) — 1

7



0000/000000000000I(8t)/I1(t)=1+(8-1)ti(€)/I(¢)0000000¢—0
D00 (B—1(€)/I(H)—»000004<10000(/|00000000000[1(¢)]> (1))
0000000 tit)/I(t) —o00000
00000000000000/()0000000000000000

1(B)/1(t) = 1= ((8 = DH®)/1(t) + (8 = D)*1(E)/1(D).

gbobggubbogbboobobuogobooobodbodbbuoobbuoobbooa
0+0000000000000000 (B—-1)?0000000000000000000
gobooo

0000000000/00000000000000000000070+¢000000
0000000000000 (4.6)0 J(t)—J2) > (C—6)I(t,)000000(4. 70000
00000000¢#0000000 G, 00000

(5.1) |C,(ti) = Cult])] = ((C = 0)(moI (t:))"/? /80,

000000000
(45 00000000000000¢6 €[(L,2)000000000

(5.2) [Cu(€) = Cul€)l < Btit /1(t).
00 ¢, 000000J000000(4900000000000000000000

oo DZD’ ZD [l
C. = O(t/1(2)) + O((1/12) /™

I—-co00000D0:0000000000C, 000 ¢, 0000000000000

177

00000000000 () Dobooooooo JDDD[tl #]0000000000000

177

0000 00000004000 [¢,4)000000000000000000000
00000 (42)000046/0000000000000000000000000000 £
000000000000000000000000000000 (42)000000000
00 (J0t—00000000)00000#0000(00000000000000000
000.) (42)0000#00006/00000000(4.3)0(4.4)0(4.5)000 (5.1)0 ¢;0

t?DDDDDDDDDDDDt?DDDDDDDDDDDDDDD(4.2)DDDDDDDDDD
(5.3) ()] < [1(t3)].

00000000 (<1000000000000+00000#8< 420000000
00000000000 0000003,0<3<100000000000¢00000
g <#<$0000045)0000000000J00000000000

(1= OV(£) = J(t) = J(t]) + (& — ) J (€)
0000000 ¢e ($3,)0000J00000000J¢) >J@) 0000000 (4.3)0

177

(5.3)0 /0000000000000 82 <#000000000

(1= O)() > (1= a)I(t]) + (8 — ) I(t])
> (L= O)I(8) + (57" = DEL(E)).

8



goo

~

Gi

i

(]

~—

(5.4) (1-C) i) > (1= 8)+ (37 - 1)}

~
S~—

t—»000000071—o00o00000
1> I(8)/1(t]) = 1(])/1(8t7),

Ooo0oO0oooOoOoO/0o0o0O00O0O0O00OCOOD 100000000 (4000000
000000ooooooo 0000 (1-C)ODODO0OooOOoOooOoOOOoOoOoOoOoOoOo3000
(5.4)00000000000000000000<2<C<10000000000000
0000<4<10000000000000000¢+0000¢#<pt20000

gbo3bbuougoobbbooogbbooogan
1/2
e <my (C—9)/16nM

000000000000+ 0000000 [¢,#]0000£0000 [(€) < Me2I(2)/4(t2)?2
gbbobuoooobbbuoogogg

]_ P —1 . . 2 1 ~2

OS—ZMk Z mimj(ri—rj) :T——ZMka
4k:1 1,7€Gg 2

(1.)000 [ - 0000(000000000¢0000)00¢=¢0000

5 S MCE < T(E) = (6) — h < 20(9) < M1 /28"

D00O0()?0#000000000000000000 |C,(é)] <eI(t)V?/20000(5.2)
OD000te[t,2)0000 |C,(t)| < (eI(tH)Y2/t2)+ B,y /I#3) 0000

(5.1)0000000000|C,/00000000000

(C = 8)(mol (1) /8nM < |Cy(ti) — Cs(t7)] = (£ — 1,)|Cs(6))
< t((e1(8) 2 /17) + Btia [1(87)).-

0000000000e<md*(C—=6)/16pMO00 I(t)>I)000000¢_,0000
0000000000000000000000% —000000000000000000
00000000

6. U0 n0ODODO

gb 2. 00-0000000000000000000O



O0d.n000z0000000000000000000000000000000000
o000, 000000000 oonoooooogy.mr; =000
000r =2, <0000r,=2,>00000

ooodooooooooooooo1o0boo0oooods=0000o0ooooooon
O000t—000011—-00000000(1.2)0000000000000O00ODOOOOOO
00000000000 :00000000000000000000000000 |2, — x|
00000000 e —a1] 000000 ma; =000000¢—0000 2,00000
00000d (00t—0000 4z, —00o000) 00000000002, 00000000
O000000000|x,—21] —oc00000 mzy —»—0o000000000000O0O0OO
000000 S8 ma; = —mysy —oo00000000000 0000 limsupa; = oo 0
000000000000 2, 0000000000000 000O limsupzx, =cc00000
goooooooooooooon

r, =2, 0000000

P )
j#n |z —

goooooodnd z,e=1,2,...,n—10 2, 000000000000 0O000O0O00O00O00O00O0
gogoooooono z, <0000000O0O0DO0OO0O0O000 z,0000O00OOOOOO
t— 00002, 0000000000000 00000000 000000000000
goooooooooooooon

7. 0ooo

t—0000/00000000000000003000000000000000 10
00000000000000000000000000020000000000000
0000<B<1000¢0000000000(8LH)0000000000¢I(#)|/I(t)00
00000000000000000000000000000000000000000
©2I(t)/I()000000000000000000000000000000 ADOOOOO
00000000/0000 (regularly) 000000000 [1,p.269)00000L($H) OO0
0000000000 () =tL#)0000000A0O0O0O0O000000000000
000 ADDDOOOOO0O0O0O000000000000 0000000000000
0000000000000000 A00C0(0D02)00000000000004000
00 [7J000000000000000:>0000000000000000000000
0000000000000 :0000000000000000000ROOOOOO0O
(12)00)0000200000000000000000000000000020000
0000000000:00000000000 ROODOOO0O00000000000000O
0003-100000000300000000000000000 A000000000
00000000(@O000000 (1.2)000000.)
000040000000000000000000000y=5(my,ms,mg,m)000 O
I0v<a<000e00000000000000000000
000000000 »-,000000000000000000000000000000
000000

10



goon

. Feller, W., An Introduction to Probability Theory and its Applications. Vol.2. New York:
J. Wiley, 1966.

Painlevé, P., Lecons sur la théorie analytique des équations différentielles. Paris: A.
Hermann 1897.

. Pollard, H., & D. G. Saari, Singularities of the n-body problem, 1. Arch. Rational Mech.
and Math. 30, 263-269 (1968).

. Pollard, H., & D. G. Saari, Singularities of the n-body problem, II. in: Inequalities-1I, pp.
255-259. New York: Academic Press, 1970.

. Saari, D. G., Improbability of collisions in Newtonian gravitational systems. Trans. Amer.
Math. Soc. 162, 267-271 (1971).

. Saari, D. G., Improbability of collisions in Newtonian gravitational systems, II. To appear.

. Saari, D. G., Singularities of Newtonian gravitational systems. To appear in Proceedings
of Symposium on Global Analysis, Dynamical Systems and Celestial Mechanics, Brazil,
August, 1971.

. Siegel, C. L., & J. K. Moser, Lectures on Celestial Mechanics. Berlin-Gottingen-Heidelberg:
Springer, 1971.

. Sperling, H., On the real singularities of the n-body problem. J. Reine Angew. Math. 245,
15-40 (1970).

10. Zeipel, H. von, Sur les singularités du probleme des n corps. Ark. Mat. Astr. Fys. 4,

No.32 (1908).

11



