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Do00O0dDooooooog
On the concept of attractor

John Milnor

HEN

OO00000D00OOprobable0 000000 0OO0ODOODO, 0000000 0ODOODODOO
goboboogd. gbbobodoogubo,ggobbobbooogobobbooooobooon
gobobooooobboboogd.

0. 0
googdgbob2bbugbbogboo,gbbuogbobuooobog,obooooboo
gboboggboggbooo.ggobogo,bbogobooobooobo,gbboooon
U.1gog,bgbogobuodgbuagbobbobod. 200,00b0boobodban
goboboooggobobooooobb,ogoboboooooboobo.oooooboo
O,000000000b00bobob0,0ob0bobobogboobobUobbddrobustnesst
gboogdbod.3bogbboob.oobbuooo,ogbboobbuoobbuoonn
gboogdbod,bboggboggbboob,ggbo20bbodb,goboogoo
gbobobooogbbbodaod.

1a0oad
Auslander, Bhatia, and Seibert(1964) 0 0 00O O

gboogboogboogboogbooobug,bboobobuooobon
goooboobbbbbbbobboboutboudguuuoooouoououuaagg
obooboob0o. mooboobooboo MOoboobooooooo
oobooobbuooo MoobobooobooooboooMMOODDOO
ooooobobooobooobb.boMMmboobbooobo,0bogon
ooog,boobooooboooooobo,obobg, MOOmoooobooOoo
oboooobooomMbooooooboo.

(La Salle and Lefschetz(1961, p.31) 00000, 00000000000 O00OOOOOOOO
O000000000O0DD0ODO,D000 Coddington and Levinson(1955) O Mendelson(1960)
0000000000, 0D0D0,0000000D00000D000 Auslander-Bhatia-Seibert
goodoobooboboboboooo.bbbbobboooo, bbb, gooooboboboboboon
goodooobbobbooooouoobbobb oo oogoooob.400
010000000.00000000000000D000D0D0O0La Salle, 1976, Hirsch,1984 O
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OO000D0 Smale, 19770000, 0000000000000, 0000000000D00O
000000000000 OD0O0ODODO. Smale(1967)0, 0000000000 OODOOOO
Oo000,00 ACO0DOO0O0O0OCO00DOOOOCO0O0ODOOODOO0O0ODD. smaleCOODO
oooo,00o0f0b00oo0oooobo0ob0oboooobobo fobobobooboOooOooboo
g,0bobodgao,gobboboooggbobo,bbbooogbooboobo,bobod,d
00000 ADO0DDOUOooo,A0Od fM™U),m>000000000000000,000
0. Willilams(1968) 0 000000, 0000000000000

000 Q(f)00000 AD,00000000 (indecomposable) O, f(U) c U O
0 Nisofi(U)=A0000 000000, fO0000000000.

ooo Q)0 fOODOO00O000O0,00 fO00000OOODODOOOOOO,00000
gbbogdgboodgbboogbboob.buoobbuoobbuoobboobboobboo
O, Ruelle and Takens(1971) 00 0000000000000 0DO00OOOOOOOOOOOO
gobbbooooobbbuoooobbbooooob. oo, gobbobooogoboo
0000000 Lorentz(1963) D0 000000000 . Ruelle and Takens 00000000
OO00000,Smale0 000, 000000,000000000O

00000000 QO000000AD,000D0000 NseDx,(U)=A000
0oooo0ooon.

00000 Dx, 000000 XO00OO0OoO0ooooooooooooooooo. (0oo
OO0b00o0boooooboobooobOoOonboo. 0ogo, Besicoviteh, 19370000,000
gobobooogobobuogoog,ggobbbuoooobboooobbooobboon
000,00000000000000000000. Anosov and Katok(1970)0 00 .)
gogoooo,bbbbbbbboboboboobougooooobbb.obbbb,bbon
gobobodog,gggbobooogobuogobo.ooo,bbbug,ooogooon
gbobobo,ggobobbbouooobbbooo,ogbbbooogbobbbuooaon
goboggboggbooobogbooboboob.boooboooboba,obooo,d
gooooobbobbbbbbobbodotdddddodiouooooooooooon
gboobogdgboogbobooobboobboobbuodobboob.obodobbodobobo
Guckenheimer(1976) 000 00. 000000, 000000000000000

oboo..XO0ooboobooboobuoobuoobooboobooob. b

Auslander, Bhatia, and Seibert 0000000, 00000000000000O00O00O0O (4
Oo00). 0oo0o0o0oO00O0O00000U00UU0. booooo,0000O0O0bboDbDOO
gbobbooogbbbbooooobbboodbbodgo.goob.boooooboo
gbobogdgbogdgbboobbogbba,buodbbuoobbuodobbuoobboonon
gobobooggoboboogoobbo.gooo,boboogobobbooooooon
Guckenheimer 0 000000000 0O0ODOODOODOODOOOOOO,0Db000000DOO
goooo.

O000O000000DbO0000b0obD00O00ob. oobobooOg Collet and Eck-
mann(1980) 000 00000. 00000 f00000000000O0O0OOOOOOOOO0
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OO0 fO000000OD0O0ODODODOOOOOO

gogdbobooobobooooo. bobobouoobobooooboobooo,
Conley(1978), Guckenheimer and Holmes(1983, 5.4 0 ), Kan(1984), Ruelle(1981,1983) O Zee-
man(1983) 00 000000O.

20000000,00000000,00000000 (likely limit set) D M 00000
000000000000.000000000. f0MOOMOOOOOOOOO0OO0O. O
Ofr=fo---of0 f0n0000000000.02eMOwlO000w(x) 020000
000 z, f(z), f2(z),...000000000000000000000000. 0000 M
00000000000, w() 0, ff(z)00 S000000000000n —»o000000
000000000000000 SO00000O0000. MOODODOOOOOOOO0OO0OO
0000 wODOOO0000000. wl@x)00000000000000, w(f(z) =w(x) 00O
000000000.000,w(z)000000000Q(f)00000.
MOO,00000000000000000000000000w0000.000 10
000000000000000000000000000000000. 00000000
0000000000.0000,00000000000000000000000000
oooooo.

oo.000o0b0bAcMmMOobOboboOoOoOoooooooboooogooooooon:

(1) 0 0 00O (realm of attraction) p(4), 0000 w(zx) CAODOOODze MOOOODOO,O
gbooboogoobo.

(2) 000000000 A C AQ p(A)0 p(A)000D0000000000000000
goooog.

Oo0oooOo,00b00obob0gobogobD Aooooobobobobobooooo,ooo
Oo0,A000000DO0DOO0ObOObOOoO0ObOO0obOOobOOobDOoDOoD.

0000000,000,00pAO000000000000000 (basin of attraction) OO
gb,buogggbobbbougdgobboooobbboooobbb.boooobboo
000,0000p(A)00000000OODO (3000),000000000000000
O0000.000000A00000000, p(A)0000000O0O0DO (00000000
O0,00000000CCOCCOOOOOO)DDODODODO,00000000000000O00O0O
gbooboggg.

Ooo00o0ob0o0ooOoobooboobOoobL.bo0oboo ADoboobooooooo
O,00000QfH0000, f(A)=A000. 0000000000000 O0O0OOOO
gbogob.gbgbodg,uggbuogbobboboobuodgbooboobodgbo. bo
gobobod. gggbobboooguoboboooooobooo,obboboooooobooo
gobooog.

00000000 (likely limit set) A = A(f/) 0000000000000 0O0O00 ze MO
0000 w(x)cADOOODODODOD MOODODOOOOOOOOOO.

OO0 1. 00000AOOQOOODOOOOOOD, fOODOOOODDOOD.OO,ADODOO



gobobooogoboboooooboog.

000000dgd. {0 MOOOODODOODOOOOOO, 0000000000 2000
OU,Nwx)=0000000 0;0000000. O000,00000000 20000
Unw(x)=0000.000000000000000000000.0000000000
goo. O

f000000000,0000,000000 80000 u(S)=pu(f($)0000,A()
0000 MOOO0O0OO00.000,00000000000000000000000000
000000.0000,0000000000000000000000.000000, A
0MOOOOOOOO000,0000000000000000000000000000
oooo.

000000000000000000000000. ScMO0O00000000000
0000,S000000000020w(x)000MO00000000000,A(f,S)0
0000.A(f,$)000000000000,000000000000000000000
00000. 0000000000000000000 S000000000000000.
0000,00000000000000000000.000000000000000.

00 2 SO0000O0O0O0O0ODOODOOD f(SYcSODOODUOOO,SUDUUUoUoooo
gobooooggd.

00.0000,A(f,S)000000O0O0OO,0000 SO000O0. O

00000000000000000,0000,000000000000000000
0000000000, 0000,000 ACcMO0000000000000O0O0OO0
000
(1)0000 p(A)00000000,
(2)000000000 A CAD pA)00000000000000OOO0.

fO0000000000000000000000OD0. ADODODOOoOOoooooOon, p(A)
0000000000 z0000w(x)0000 ADDOODODOOOOOOO. fO0000OO
OOo00o0oboobooobo0AODOO0ODOODL,0000DbD0O0ODO0O0AODDODODOODOO
gbobbooggbobbooooobobog.

OO0 3. 00000 AOD0OO0DOODOODO0OO0ODODOObOOnD A,... A, 0D0000D0OO
0. 0000,00000000pA)000000000000,00000000000
oo MOOOOOOODO. ObooboobooboobooboobOoo, MODOO
0000000 2200000000 w(zx)0D000000 A, 0000.

00.0A40000,0000 f(U;)0U,i#;000000000000,0U0 00,0000
000. 0000,0000000000 20,,,...0¢00000000,2,€0U0000.
000,+00000000,2, 0000000 0,0000.0000000000000.0

gbobbobooooobbobodg,obbbuooobbobouoooboboooaon. b
oooogo,oboogbooooooobooboooooo,ob, fO0b0b00bOoOoDO



googdgbogdgb.buogoobiggbboobboobba.og,20bbodgboda

g (C) y) = (C) y2 - C)

0000000000000 (1000). 00000000 ooooooooooo,00d
gbboboooobbbodog,bbuooobbboooobbbooooobbog.

01

. udunooouoooooooo
gboogd,200bbodgbbuogbbugbobuoobobooob,1ogobooobo
goboboooboboogobbuooobbooobobuooobobuooobboob,bo
0000000000, ¢=1.401155189..00 2000 » —2? —c00000000O0O0O
00000000000000. 0000 f(z)=2*-—c00000000000000OO0
gbo.ooodod,obobooggoboouooobobooogooboboooooobooo
O0000. 0000000000000 0000,0000000 10 f(I)clIoDoOoOoO
00,0700 I000000000 (2000).
fO00000000000000O00O0O0O0OO0ODOOO0O,00000DODO0000 (Misi-
urewicz, 197900). 0 0<a <a1 <ay <...0000000.000000,0 ap —a, O
m-—nUUO0000000000O0O0OO0O0000O00OOO0O00. gb0bobO,0000000
AODODOOOOOOOOO,00a,=f(0)00000RO0000000,A000O0COCO
O lim. (Z/2kZ)000000. f0 ADODODOOOOO,000000 1000000000
ooooobooooobD. 0boogo,A0bggoooo0.ggb,Aogooooooo
gboboboooggoboobbo.bbodgoobob20b0bbbogoob,bbbooooon.
f:1—-100000000DO00O0000O00. /O0000Db0ObODO0ob0O0dO»OO0Db,D0O
00z, =f"(z) 00000000 ADDDOODO. OODDO,A=A(f/)0 fOO0DODOODOOO
oooobO. 000, b0b0b000ob0oooboo, 0000000 o0o0 Agogooo. oog,
00000000 /00000000000000. 0000, Guckenheimer(1979)0 000,
fO0obooboboooobooooboooobobbooboobOogvUcIOoDoboo,oo
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000000 f~(U)OOoO000o00o0O000. 00000000 oOooooooooooooo
O0zeU0000,w(zx)0 ADODOODOOOODODOOOOOOO.OOO,A0O0O0O0O00O
gobooog.

O 2

OO00,A00000000000O0,000,000000000000nested sequenced
OoooooobOo.ogooooooOoboo0oooboboOoooOo,AQ000oDboOoboooo
O000.0U0000000 A0DDODOOOO,00000000VO f(V)ycvooooooo
0.000,/0000000000000000 2,=f"(z)0000000,00000
ooogooogob. obooboobooboob voobooob,ooboob veuoud
ooogbobobog,bobvobuoboobobobobooboobobob,ooovo
gboobgdgbogdgboogbbodb,ggboogb.bogbbodgbbdeebbd
gooobobobbbb,obudddddiiiooooooooobobzbbbbbDOOO
goboo.

00000000000 2000. 00000000000000O0O0O0O0O, Kan(1984)
g3bugbbugbbugboba,gbboobbuoobbobbuoobb,bbadg,bd
gbobbooooobiligobbbuooogobobuooobbuoogbboog,gbobo
goboboogoobboboooooboob,bbooogob,bbbuoooobobbogo
O000. 000000000000000000000000. (Grebogi, Ott, Pelikan, and
Yorke(1984) OO DO, 0000000,0000000000000 Bowen and Franks(1976)
O Franks and Young (0000 00)0000000.) 00000000O0OO,000000
gbobboooobbbbouoooobboboooobn.

4. 0000000

f*M—-MOO00DDOODODOOOO0O0.00000,00000AcC MO f(A)=A000
0000, f(U)cUODO000000000000U00000,00000000 (00000
00000)00000. 00000000000 Auslander-Bhatia-Seibert 00, 0000, O
000 p(4)000000000,000000,000000000.0000000,000
p(A)0000000UD000,000000000,4A000000U D f(U)D f2U)>...



gboogdgbogd. bbggbbogbbuoobboobboobboobobooooboo
good. oooo,bboboboooddduuoooooooobobob,ggooooboo
gooobob. oouuudg,gggggoooooobbbbbbodgag,bbboo
gobogdbboggbbogbbo,ggbboobboobobuooobooobbooon
gobobboogooboboogoobbooooo.bgggobobooooooo.

01 MOOOOmod2r0OoOooonQ,
f(0) =0+ 1—cos(f) (mod 27)

000.0000,0006=00000000000000.0000000000000
0000000. 0000,00000000 f0000000000000000000
000000, (0300000. 0000000000000000000000000.)
D000 R—o0000000000000000000000000000000000
flz)=2z+1000. 0000000000000000000000000000000
0000,000000000000000000000000000 (Denjoy)C'0000
O (Schweitzer, 197400). 00000000000, |2/ <1000 f(z) =4z(1 —2%)?, 0
000000 f(z)=0000.0000,0000,0000000000000000,0
000000000000000.

03

giliooooogogon.

02 000mod2r 0000000, f(A)=0+sin*(A)000.0000,A00000 x 0
000.00000000000000000,000000000.00000,00000
0000000000000000000000000000.
0000000000000000000000000000000000000000
00.0000,000000000,000000000000000

0 3. Ulam-von Neumann 00000000 ReocODODODOODODOO f(z) =222 -1
O0000.0000,007=[-1,1]000000000020000,0000 w(zx)O0OO
I00000. 000000000000000 2~ 2200000000000000. 00
oo, fO/00000,:00000000000,00 Re(z)r—>Re(z2)DDDDDDDD
doodoo. oo, /00ddddd 00000, z000000000000. O0OO0O
O0,A(f/)000000000000000O000/I0000000000000O0O0000O0O
ood. /000000000 rooooooa.

00000000000, 00000z—22-2000000. 000000, c0000
000000000,00z—2’-c0000000000. cO00O [-1/4,2]000000,
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gbobogdboggbbogbboobboobboo.gboooboboobbogboba
gobobbooggoboood. oo, ggoboboo,gogobobooo,gooon
(00000000 000O0)300000000000000000000((OO200040
0). 000,00000000000000000000, 0000000000000 00
goo.gbob,bbgdbbodgbbggoobuoguobooo,bogbbuoobbuodon
000,0000000000000.0000000000000000,¢=-1/40c¢=2
O00000000.00,0030000000000000¢=7/400000000.

gobbbouogooboboogooboboooooboobboooooobob.oog,bo
gbobogdbobogbboobbuoobbuooob,obboobooobboobboob
goooo.

043000 f(z)=3v3(z—2%/20000000000000000000000 [-1,0]
00,1]0000000000{e0}0000.000003y3/2000000,000000
000000000000000000000000000000. 0000,000000),
00000000000 ([-1,1]00000000. (0,1]0000000000000000
0000000000000, 00,000000000 00000 2=sin?¢) 0000
000000000000000. 00000, Liand Yorke(1978) 0000, 0000000
0000000000000000000000.)

000000000000000000000,0000000000000000000
oooo.

O00. 00 fO000000000 (stability diagram) 00000000000 A, 00000
OeO0000000D0O000O0,000000000. A4,000D00000000,00O0
O00w(x)0 A;000000000000D0000000;000000000000
O.00,40000000.0000,0000000000 A0000000DO0ODOO
O0000000,0000w(x)0 A000000000000 000000000000
uo.

A, 00D00ODOOOOO0OOO0,0000000DO0D0bOD0ObDO0ObDO0ObUobOobOOO0.40bD0D
oboooboobboo400000.

04

00,00 f000000000O0O0OO0A=A(f)ODODOOOOCCOODO.00O0O0OOO
0000000000 (Hausdorff distance) 000 0000000000000 OOO OO
OoOooOoO00ooOoOoboo0ooooobooébbOOooDbbOoboboOooDoboOn.



00. 0000000 f000000A=A(f)000 (robust) 1000000000,¢0 f
0Cc~0000000 (0000000,0%k>00000,¢0 4000000000 f0%k
0000000000)00000A(f)0A(g)000D000O000D0O00000O00000
00. 000, f0000000 ADD0OCOD, fO0C*000000¢0000000 4
0000,000 ADDDOOODOOODOOOODOO.

00000000 A0 A0000000000000000000000.000000
00000000000000000000000000000000000000000
0.0000,00000,00000000000000000000.000000,00
00 ADDO00D0D0D00000000000 A0A000000000000000000
0000,00000000000000000. 0000000000000000. 00
00,00z—2-402—2*—3/40000000000000000000,0000
0000000000.0000000000000 fO0000000000 A(f)0000
00.00,¢90 f0000000000A(9)0000O0A(f)000000O0OO0O. 000
000000000000000000000,0000000000000000000

000000000000000000000000000000. 0000000000
00,01,2,304000000,000000000,00000000000000

00000300000000000000000000000000.00000000
00,00000000000000000,0000000000000000000.00
0000000000000,0000000,00000000000000.00000
0000000000000.0000000000000000000 2 2+220,0
0000000000000000000000000000000. 0000000000
00000000 100000z—«+10,000000000000000000000
00 RUeO0000O00O0O0O0O0O0O00O0z— (142)/(l—ex)000000000000
00.000,c=1543680.. 0000 ¢ —22+2c—2=0000000, f(z) =% —c0O
OO. f40) = f30)=—f2(0)000. 0000, f000000000000000000
A=[f(0),f20))000. (00004000000000.) 00, f0,000000000
00 A,000,-2000000000000 f20)000000 0000000000
0002000 f00 f%f4,..0000000.0004,0000-,00000000A
ooooo.

000000000000000000000000000000000000000,0
0000000000000000000000000.0000,00 f(z)=z+2°00
00000000000000000000000,f00000000000000000
00000000000000.

000000000000000000000000,0000,0000,000000
00000000000000000000000000, 000000000 Grebogi, Ott,
and Yorke, 198300 0. 00000000000, 0000000000000000000
00000000,00000000000000000000000000.

00 1. 0000000 (Generic Limit Set)
obooboobobbobbobbobbobbooboob. DbeeMODOO0DO
0000 (generic): 0000000000000 0000OBaire0 0000000000



obooobobbdobegOOob0bobbobb,o0bo, MObOODOObDOOoDOOO
000000 :x0000000000. 0000000 (generic limit set) ' c M O,000
000000000 wx)000000 MOODOODOODOOOODODODOOOOO. 0000
gobobobuogooboboooo,buoggogobooog.

Ooooo,00b00b0gooro A0oogoogobD. boboboo,0b00ooDoboOobOooD
O.ggbogbuooboobooboobobooboob.ooroooboooboob
OO0.0b0o0,rocooooboo00booboooobobo,AUbbO0obooboobobooDo
Oo00.0b0,00A0D0O00ODO0O0OO0OO0ODO0ODODObDObObOODOODOObDOObOOD
OoOooo.oo0,00AD0QO0DOOO0ODOOODOOODOOOODOOODDOO.

OO000ooO0ob0b0obooo0obo0ooOoboooooobobboo,bobOorrnADO
O0000000000.00000,0000200000000 w(z)nADDOOODO,000
OoOooooO0oboooooobobo.oo,A0bO00obvUvboooobobo,b0booobo oo
gobobodgddbbbbuoogbo,bogggoboob,bbuooogbbobogg
0.00000,00000:0000000000000000000,000,w(@)NA#£D
goboo.

gboobooggbooboogoon.

05 00000AOOOOTrOOOOOOO0O0OOOCO.O000000000O00COCOO
gbo,bodggubbobuoggooobooog,ggobbbooogobobuooon
O,0000000000 200000,000000000gradient flowD0000O. O
000, I'={z}0000,A0000000000000. C*00000 horseshoed O 00
00000 Bowen(1975) 000 000000.

06 00000,00000000 f000000AO0O0O0O0TOOOOOOO0OOOO0.
000000000,00000000,0000000000000T00000000, A
0000000000000000000.00,0000000000,A0,000000
000000000000000000000000000000000000000000
00.00000000000000000000000,0000000

00 [-1,1]000000000 F(z)=2z|-1000000. 0000,0000000
0000000,000020000,0000w()000[-1,1]00000000000
00.000r=[-1,1]000.000,M000000000x00000,,00000,
0000 w(x)0[-1,1]0000000000000000000000. CO,000000
0 (1/2,1]000000000000x0000000000000.C000000000
00000000000000.00,C0000 zg,a;,...000000000 0 (kneading
sequence’) sgn(z),sgn(z1),...0000 +10000000000000000000. OO
000,00 CcO00000000 kwOO00,000000000000000.00,

2011 (5) = pn (F(S N [=1,0])) + pn(F(S N[0, 1])),

0000,00000000000000, 4, 0000000 f7(C)000000000
00000.0000,00 $u,/2"'000([-1,1]00000000000. 00, p-00
00,0000 w(@) 0 CO00000. 0000000000000, w(x) 0000001
0 CcO000000)] 0000000y =/%du0000,,0000000000000
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O00000ooDoooooOoOooOoOoo0. ooooa, FO,roo0oo A0OOoOOOOO
0000000 (topologically conjugate) O 0O O .
DDD,@D,DDDDD(—1/2,0)DDDDDDDDDDDDDDDDDD,ﬂDDDDD
0000000100000 w(z)0C00000000000. 0000 (p+4)/20000,
O000000000000000,w(zx)0O0O 1/20CcO0000,00 1/20 coooooo.
DDDD,DDDD,DDDDDDDDDDDDDDD,DDDDDDDDC’ﬂé:{—3/5,1/5}
DDDDDDDDD.C’DDDDDDDDDDDDDD(—4/4,0)DDDDDDDDD,DDD
goooo,0dgouoooooogooooooooooooog.

00 2. 00000
00000000 Guekenheimer(1979)[17]0 000000 .

z— f(zx)0000000/00000000000000000C0. 0000170000
00000000, f:1— 10 Guekenheimer J00000000000. 0000, f0 C3
00000,000000000000,0000000000000

2(Df)(D*f) = 3(D*f)* <0,

fO0I0000000,00 Df(x)>10000000000. (000000000000
0,[(177000000000000000))

OO0 4. 00000000O0ODO f:I—-I0000,0000000T0DODO0ODOO0ODOO
goodg,boggbboggbboggbboobboobbog,bodbbuoobbd 2nib
goboboogoobbbonbbboogoobbboog,ggbbbbugoobb,bod
O00000.000,0000z0000,w0000w(x)0000TO0000O.
000000000,0000000000000:00000,w(x)=Tl000.000,
OOooooADTOOOO,0000000000D0.O000O00O00ODOODODODObOO
000000000000000,0000000000000000(COO0e600O).

oo. oo, foooboooooo,00ooboobo,0o0o0o00o0oob00oooooobo0o,A0O0ooo
O0000.0000,00 (0000000)0U0000,000A0000000O0QOOOO
O00. [17,p.135000 28310 000,000000000000000 00000, «
OOo0oo0OobDo0obovUub0obo0,0bo00ob AgDbooo. opooogoor=A=4
goo.

o000 fO000000O0oOOobO0bO0bOOobOoobooboOob0.bobobobobo,o
gobooog.

00. f00000000O0000,000000000 /000N >20000,0000
J, f(D), f2(),....f~Y(J)booooooooog, f(J)cJooooooooo.

00000,00000000,f0000000,0000J000000000000
0000000000000y =/00000000000000000. 00, f00
000, [17,260003.1)0000000000,000000000000000 2000
00,:00000000J0000000. 00000,00000A=X/f)0nr000
AU F(A(gHU...UfY(A(g)DDODODO. I(f)000000000.
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ooOJoOoboboooboobooboobooboobooobobob.boob,obooo
oood,g=f0JO000O0O00ODO0ODO0OOOO. ODOODOOODOODODO,0D0ODO
gbobbbodgdgbbooogbbilgbbbbouodo.obbbuooogbbbooon
O00D0o00o0ooooO,00000 ¢g:J—J0O Guckenheimer 0 OO0 O0O0O0O0OOO.

obooobdbyg:J—=JO0O00O0O0OOO, 000000000000, O0DOODO
gbobboooobbbbouoooobbbbouoooobuoooobobuooooooobobon
000000000000 (20).0000,0000000000000O0,0000000
goooog.

000, fO000000000.log(s)>0000000000000 [17,4.5], f0O

fly)=c-ly| =1 for |y[<1/(s—1),

0000000000000 000000000. f00000000O0CO00000O0
00000000000000, f0000000000000000000000000
0000000000000, 000, Milnor and Thurston(1985)[35) 00, fO0 FO OO0
(semi-conjugate) 00 0. 000,00000 hOOOO,hof=FohOO00O.000,0O
0000 A Y(y)0ODOODOODOO JOOO. 00 R Y(y)ODOOOO,y0000O000 000
0,0000,F"(y)=00000.00000,000000000,J000020000
000000000000,000(17260000000000.000,00 f(J)0h
0000000000000,00000000000000.000,00100000 n0
000 FY0)000000000. 00000, 000 A(0)0000000000000
00, f00000000CO000CO00.0000000,A00000000000, f0 FO
00O00000000oo0ooo.

0000,00000 FOOOOOOOOOOOOO. 000 s0+/2000000000
00. 00000,000000000,FO0000000000O0000COC0O. 000
0,FO00000000000

A=[-1,5—1] = [F(0), F*(0)],

0000000000, 00,000000000000, F(e)=A000,000 |y <
1/(s—1)00000y00000000000000 ADODOOOOOOO.
A0DD0DDOOOOOOO FO,O00000000000000. 0000000 JCAQDD
00,0000n.0000,F(J)000A000000.00000,J000000000
0000 JOF(J)0000000000000,F2(J/)0J0000000 s2/2>1000
00.000,J/0000000000000000,0000 F»Y(J)0 F~(J)0000 0
00000000,0000,F™Y))=A000.
000000,00000y0000,0000w(y)000 A0O0O0O0O00. 0000, {U;}
0 AD0DOOOOOOOOO0O0,0000;00000y000000000000. 000
0000y0000000,00000,00000,4A000000000.00000,00
D000O0T(F)0 ADOOO,000000000 fO0000000N(/)0000000
h(A)O000.00000000000,¢000000 f000000000,T(f)0 f(c)
0 f2(¢)000000000000000.000,000000 00000000000
000000000000000000000000000.

12



OO00O00AO0OOQOODOO0O0ODOO0ODOOODOOobObOO. ADTODODOODOODOOODO
ooooboboboboo,0b00ob0oboob0obobobooo, A=Toboboboon
goboo.

gogo,bbobboboboboboboobobobb,gggoooobobbbbbobobobbooga. o
OooobobOob,00b00b00b0ob A=A=l'0000,0Db0b0O0O0OO00ODO0O,D0OO0
00 Z/nzZ00000000000000000000.000,00 fO AQDOODOOO
gb,dgggoobbodggobbbddtlee—a+100000. 0000000O00OO
gbobobboogooboobog,bbodgooboboog.boboooa. O

000000, f00000000000000O0(17]00000000)0000000
000000 rN000000000000,0000000. Guckenheimer 00000000
000,00000000000000000000. f0000000000000000
00 ADDDOOO,A=A(f)=0(f)00000000000, f000000000000
0000000, fJAD000000000000000. 00000000000,00000
000,00000000000000000000,00000000000000000
f0(f)00000000000O000O0. 0000, f0000000000000000.

0000000000000000,0000000000000.0000,0000000
000,A=00000,00000000000000000,00000000000.0
000000,0000r00000000000000TO000000000007? 000
000,RUcc00000000000000000000000000000000000
0000. f(x)00000000000000000,0000000000000000.
000000O0O00A(f)OT(f)000000000,00000000000000000
0000?000,000(f)0[000000000A(f)0]00000000000000
000000000000000000000. Guckenheimer 1000000000000,
000000000000000000:00 [f(0),/20)000000000000000
000000000000000000000000000000000000, 00000
0. (400 z—22—-1543689...00000000000))

OO0 3000000000000
O000000000000000 Ruelle and Takens(1971) 0000000000, 000
Oob0ooooooooobooo.oooooooboooooooooboboOoooono. oo
000000000000 RuelleDODO0DO0O (1979-1980) 000. 00000000000
0000000000000000. Guckenheimer and Holmes(1983) 0000000000
ooooooooooooboooboOoOoOboOoOooOo,0b0oob0ooooooooobobnon
ooooooo.
ooooOoOoOODOOOO0O000000000ooooooOObOO0OO0bO0o0oOo0oboOooboboobooOn
Ooboooooooooobooooooooobo. 0000, 00000000000000
Ooboooooooooo,0obo00bo00ooooooboo,0obo00ooooooonon
00.00,008'%x[-1,1]0000000000 (0,t) — (26,¢/2) 00000000 S*%x0
Ooooooboooooooooo,0oooobocoooooooooooono.ono,00
ooooooOoOoOOOOOOOOOOOOOOCOOOOOOOO00000,00000000
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0000.0000000000000000000000000.00000000000
000000000000000000000,000000000000000,0000
00000000000000000000000000000000000D0000
00000,0000000000000,0000000000000000000000
0000 (Kaplan and Yorke, 1970). 00 S'x ROODODOOOOO00DO fo(e?, x) = (e*?, cx)
00000D0.000,c00<¢<1/20000000.0000, f, 0000000000
000000D0D.00000,000000008'x0000,000000000000
000000000000000.00000000S'x000000000000000
000000000000.00 /000000000000

fo(e? x) = (¥ cx 4 £ cosh),

god. oooo,o0booooon SlXODDDDDDDDDDDDDDDDDDDDD(5
0).

U b

00000000, .0000000000000, f000
fl(ew,x):(em,c.r—i-cos@),

gobo.
O00000yO0D0O0000D000, A0S'xRxROODODODODOOOOODOOOO

(€? x,y) — (¥ cx 4 cos b, cy + sin 6),

00000.w=e0002=2+w0000,000000000008' xCcO00000
ogoooo
F(w,z) = (w? cz + w),

goboo.

00 5. 000000000ACS'xCO000,000000dyadicD0000O0O00O0O
OoO0,00b0o00b0o0,00,00bo0ooo00oboobo. Dobogooogo,ADbOoo
00000000 KOOODOO,0000 F(K)O ADODODO,S'xCc00000oooooo
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(w,z)00O00,wd000w(x)0 ADDOOO. FO ADOOODOOODO,00000000
D000 leg200000000000O00DO0ODODLOODODOODOODODODOO ADODO.
OO0 dyadicOODOOOOO, 00000000000

St— st st — |
000000.000,000000,58000,0000000 @ = (wo, wy,ws,...)0

wy = £/ wp, we = Jwr, ...,
DDDDDDDD.A:g(S)DDDDD

g(0) = (wo, w1 + cwy + Cws + ...),

goo SDDDDDDD.]c]<I/QDDDDDDDDD,gDDDDDDDDDDDDDDD
ooooooo0. (0000000,00000 0000000000000, FO AO
gbobbooogobbboooooboboo. ob,

F((wo, wy + cwy + ctws) = (w2, wo + cwy + Fwy +...),
00000, F0 ADODOOD,0D00?00000000000D00D0O0O0O
(wo, wyi, wa, . ..) +— (W5, wo, wr, . ..),

ooooo.

00,S8'xC00000000 (w,2)0000, Fi(w,2)000 AD0O0O0O00000 (00
00000000000000000)0000000.00,5000000 @ = (wo,wi,...)
0000 wy=wO0O, g(d) = (wo,2) EADD0D0. 0000, FOOODDOOOO, FY(w, 2)
00 F'(wp,20) € ADDD0O0000 eulz—2/0000,n—0o0000000000000
ooo.

00000000000,k01/(1-¢)001/¢00000000000000,70 |2/ <k
0000000 (w,2)000000000000000 (solid torus) 000. 0000, FO
00020 7000000000000, A0 FYT)000000000000CC000000
000. 0000, 00 Smale(1967) O Ruelle and Takens(1971), Ruelle(1979-1980) 0 0 0 O
noooo.

FO ADDODOOD,0000000000,800000000,000000000000
0000000, w, = exp(miz,) 000, SO0000 (wo,wr,...)000. O 202000
ao+ay/2+ay/d+... 0000, 2,0 a_y+Ag/2+ A /4+... 000,000 z,00000
00.0000,5000000000000000000000...a,a,0a1,as,...0000
0oooo0o0o0o0o0ooo.

AcS'xCO0000000001-1log(2)/log(c)000000. 0000000000
000000, AD Mandelbrot(1982) 0000 0000000000000O0.

00,408 xCO00S'xROIODODODOO0OO0O0OOOD ADDOOO. 0000, AD000
f0000000000000,000000000000.00,40000000000
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O0NODOOD,0000 ff(N)D A0D0000.000,A4000000001log2000
00000000, A00000000DC0U00DooO00. D0ooooooDADO0
O00000000.0000,00000000000d<1-1log(2)/log(c)<200000
Oo0oo0oOooo.oo,A00DOoo0o0goo

g"(0) = cos((6 + 2mn)/2) + ¢ cos((0 + 2mn)/4)+
- cos((0+2mn)/8) + ...,

gdododododooooouo. oo, nobobooooooo. Dod
O0nOmUOO00O0O0O0O0O0OO0OO¢"0¢g"O0000oooo,0o0o0o0ooo NOOoog,d
04¥000000,0000000.00000000,000A400000000000
gV000000000,000000000.0000,A40000000000.0000
0000000 1-1og(2)/log(c)>1000000. (Farmer, Ott, and Yorke, 19830 0 0O
0,)00,l100000 0000000000000, 0000000000AD00000
O00000000000000000. (Frederickson, Kaplan, Yorke, and Yorke, 19830 O .)
0000D0000000,00000000000000 (¢,9) — (2¢+psi, ¢+4) 0000
000D000D00,00000000 $'xS'0000000000000. A= (v5-1)/2
000000d0doood0ooooooooo. D00do, A <ex lOooooooooo
O00000000000000000 S'xS'xROODOOOOO0O00O,0<e<A"00n
0000000000 (Kaplan, Mallet-Paret, and Yorke(to appear) 0 0 ).
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