ggoo g

Physical Review Letters 50 (1983), 346-349

Do00dddooooooooog
Characterization of Strange Attractors

Peter Grassberger and Itamar Procaccia

Chemical Physica Department, Weizmann Institute of Science,
Rehovot, 76100, Israel

HEN

gbobgdgbboobbuoobbuogboboobobbuooboobooobbooboba
gboboggboogbboogbboogbuodboobboboboobobbuoobboonn
gboboboogobbbbooooobbbooooobobog

0000000000000000000000000000000000000-300
0000000000000000000000DPO000O0O00000000000 FO
0000000000 D<FOO0OO0OO0O0O0O0O0000000C0OOOOOO (000000
00)000000000000000000000000000005°00000000
0000000 box-comnting0 00 00000000000000000000000O0O
00O0O0O07™0p>20000000 PO000O0O0O0O000000000000000O0
D>200000000000000000000000000000000000OOOO
00000000000000000O0®0000000000000000000000°7?
00000000000000000000000000000000000000000
000000000000000000000000000000000000000000
000000000000 DPO0O000O000OO0O000000000000000

00000000000000000000000000000000000000000
0000000 {X}¥,={X(t+ir)}Y, 00000000 000000000000
000000000000000000000

N_’OOTN2 ij=1 (1)

0

D000 Ax) 000000000000« 7)00000000000O000DO0O0OOOr
000000 C(r)0r00000000000000O0DOOO0O00O0O0

C(r) ocr. (2)



000000 v0DOO0D0O000000C0O0000000000000000000000
0000000000000()00000000200100000

Hénon 00 [0 1(2)] 00000000010 1(b))000000000legr000000
000000000000000000000 Kplan-YorkeO O 50Rabinovich-Fabricant!'2 00
0000D0000000000000000001B00000000 (010 0)0 Zaslavskii
000000000000000000000000000000000000
0I00»00000000POODO0O0O0O (0000000000 O educared guessd
000)0000 DOO00000O0 (ZaslavskiD 00000000 00000000)00O0
00 Hénon0OOO0O»=121000000000000000000000000000
000000000v=125400200000000000»=D00000000000
000000000000000000000000000
00000!/00000000000000000000000000000000000
00000000000000000000 M()000000000

M(l) ~ 17, (3)

00000 {X,}¥,000i00000000000000000000 4 @G=1,2,..)0
00000(1)0000 (00000000000000)00000000000000

M)
O~ 373 3 1 = ) (@)

000 (-y00000000000000000000
gboobooooobobooooan

0@8%%%=Wzlz4

000 yYw,=NOOOOO 3)00000o0000o0ooooooo
v <D. (6)

gbobbooggbobb20b00ggbobbooobbooobbosgbbbobbn
ooobobobooooobooobooobo/ooboboboboboobobobooboooo
gbboboooobbbodooon
M(l)

=—Y plnp, (7)
i1

000 p0:000000000000000O0OC00O00O(N — occ000Dp; =w/NOO
0)000000000 (0000 p, =1/M)000)00000000 S°(1) = M) =
const —DInl0000000000S(1) < S%) 0000 Ansats

S(l) =Sy — olnl, (8)



000000 (0000 Farmer 000000000000 00Renyi'®*000000000O
O0)0ooooooooooo
o <D. (9)

000vrv<eo0000000000,00000000000000000000000
00000000000000000!020200nested00000000000 M(I)=
2PM(2))0000p,0000000:0000000000000000/R 000000
0000000000000 P =Y,,p0000000 ;0 pw;0000000000
Yi;w;=10000

04000000000 C(H0Oo1)00000000000000000

i€j

M(l) M(21

)
Cly~ > pi=> P> w.
i=1 j=1

1€]
000 w0;00000000000C1)/C2) =/ (w)00000000000000

S(2l) - S(l) = ZPj;wilnwi = (wlhhw)/(w).

OW=w/(w)0O000O0000O00 ™8 (W2 >exp[(WhW)00O0O0O0000 v<o0
0000000000 POOOOOOODO0O00O0OOOOODO000000000000
00000000000000000000

v<o<D. (10)

000000000000000000000000000(10)000000000000
00000 ¥Y00000000000v#DPO000000000000000000000
00000000000000000000000000000000000 (seniority)d O
000000000000000000000000000000000000000000
000000000000000000000000000000000000000000
000000000 PO00000000000000(MO00000000)0000000
00000000000y 000 POODO00000O0000O0O000000000000
00000000000000000000000000000v0DP000000000
0000000000000000000000

0100000 ~2000000000000000Zaslavski 0 0000000000000
0000000000(000 HénonOOO DOODDOO box-counting 0 0 0 00 200,000 0
000000000000000000000000000000000000000000
0o

00002021000000000000000X,0000000000000000
00 X, 000000000000000 fO0D0000000C

—

o= (Xi’ Xirs Xigor, .- aXiJro)a

Oo0000o0oooooOoOo (H)oo YDDDDDDDDDDDDDDDDDDDDf:3D
O0000000000000000000 Figl(h)DOODDODODODODODO+0000 200000



gobogdgbboggboogbbogbboobboolibbooobboobboovbbog
206£0.02000000000000UUUUbLboobooooooououuuoooogo
00000000000000000000000000v0000000000 *O0O00
oooooboob0oobo0oooooboooooobOogoDoooDobobofOODObOODO
OO000D00D00OO0HéMonODOO f=300000000000000v=1.254+£0.0200
obooooboooboobobobo40boob

gogoooooobobbbbobbbbotdyuddddddooooooooooooon
200000000 10000000000000000000000O000000O0O00O0OO
gbboogdbbbodvodbboobbuobbuogbobuogobuoooboooboobo
gbobogdgbogdgbbooobbodbboobbuoobbuoobbuoonbuoobbenbd
Opoobooobooobooobooobooboobooboooboobooboobon
gboboboooobobbbouoooobbbooogooo

gbobggbboggboogbboobuoobooboobboobuoobboouooon
OO0 HG.EHentschel OO OO RMMazoO O OO OOOO

oood
'E.N. Lorentz, J. Atmos. Sci. 20 (1963), 130.
’D. Ruelle and F. Takens, Commun. math. Phys. 20 (1971), 167.
3E. Ott, Rev. Mod. Phys. 53 (1981), 655.
1B.B. Mandelbrot, Fractals - Form, Chance and Dimension (Freeman, San Francisco, 1977).

2J.C. Kaplan and J.A. Yorke, in Functional Differential Equations and Approzimations of
Fized points, edited by H.-O. Peitgen and H.-O. Walther, Lecture Notes in Mathematics
Vol. 730 (Springer, Berlin, 1979).

%H. Mori, Prog. Theor. Phys. 63 (1980), 1044.
" D.A. Russel, J.D. Hanson, and E. Ott, Phys. Rev. Lett. 45 (1980), 1175.

8H. Froehling, J.P. Crutchfield, D. Farmer, N.H. Packard, and R. Shaw, Physica 3D (1981),
605.

9P. Grassberger, J. Stat. Phys. 26 (1981), 173.

19H.S. Greenside, A. Wolf, J. Swift, and T. Pignataro, Phys. Rev. A25 (1982), 3453.
M. Hénon, Commun. Math. Phys. 50 (1976), 69.

I2ML.I. Rabinovich and A.L. Fabricant, Zh. Eksp. Theor. Fiz. 77 (1979), 617.

BR.M. May, Nature 261 (1976), 459.

4P Grassberger and 1. Procaccia, to be published.

15G.M. Zaslavskii, Phys. Lett. 69A (1978), 145.

16J. Balatoni and A. Renyi, Publ. Math. Inst. Hung. Acad. Sci. 1 (1956), 9, and in Selected
Papers of A. Renyi, Vol.1 (Academiai Budapest, Budapest, 1976); J.D. Farmer, Physica
4D (1982), 366.



I"W. feller, An Introduction to probability Theory and Its Applications (Wiley, New York,
1971), Vol.2, 2nd ed.

1883 B. Mandelbrot, in Turbulence and Navier-Stokes Equations, edited by R. Temam, Lecture
Notes in Mathematics, Vol. 565 (Springer, Berlin, 1975).

T A. Witten, Jr, and L.M. Sander, Phys. Rev. Lett. 47 (1981), 1400.

2ON.H. Packard, J.P. Crutchfield, J.D. farmer, and R.S. Shaw, Phys. rev. Lett. 45 (1980),
712.

2IF. Takens, in Proceedings of the Sumposium on Dynamical Systems and Turbulence, Uni-
versity of Warwick, 1979-1980, edited by D.A. Rand and L.S. Young (Springer, Berlin,
1981).

200000000000 LS. Young O OO OJ.D. Farmer, E. Ott, and J.A. Yorke O 0 O O
00000o0d0ooodooooooooooooooa



