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Particle-in-cell (PIC) simulation
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Accurate modeling of 
particle motion is 
important for studying 
kinetic plasma processes 
(reconnection, shocks, 
kinetic turbulence…)



• Particle solver

Particle solver

• Time-splitting

1/2-acceleration by E 

gyration about B 

1/2-acceleration by E
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• Second-order 
accuracy in angle

u0
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Boris solver (2-step Boris solver)
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Boris 1970 
Hockney & Eastwood 1981 
Birdsall & Langdon 1985
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Can we eliminate this error? 
(Solution 0: tan correction by [Boris 1970])



Solution 1: From a different angle…
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(a) Boris solver (b) Double Boris solver
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Rotation by an approximate angle 2α



Solution 1: Multiple Boris solvers
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(a) Boris solver (b) Double Boris solver
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<latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="BHd3Sl7aP2BxNKkRIzzoC0XyaoQ="></latexit><latexit sha1_base64="QJQISasCOAMHt7xpa1LuFoZYNMw="></latexit><latexit sha1_base64="wnZw/rosDQm35RL9qdz2hAzSmKk="></latexit><latexit sha1_base64="OKklI08EYzNlafZuysMNFNcOjz8="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit>

u0
<latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit>
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<latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit>
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<latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit>
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<latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit>

u00
<latexit sha1_base64="GlPJeIMadP0khNZ5/LSf+Ehz1aE="></latexit><latexit sha1_base64="GlPJeIMadP0khNZ5/LSf+Ehz1aE="></latexit><latexit sha1_base64="GlPJeIMadP0khNZ5/LSf+Ehz1aE="></latexit><latexit sha1_base64="GlPJeIMadP0khNZ5/LSf+Ehz1aE="></latexit>

n=2

- - -
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✓ ⌘ q�t

m��B
<latexit sha1_base64="JqHPrQfncR/IJVIs8XbuJCYdZA0="></latexit><latexit sha1_base64="JqHPrQfncR/IJVIs8XbuJCYdZA0="></latexit><latexit sha1_base64="JqHPrQfncR/IJVIs8XbuJCYdZA0="></latexit><latexit sha1_base64="JqHPrQfncR/IJVIs8XbuJCYdZA0="></latexit>

• We repeat Boris procedure 
multiple times (Inspired by 
Umeda 2018)



Solution 1: Multiple Boris solvers

General form for an arbitrary n

- - -

cn1 = Tn(p)

cn2 = (1 + p)Un�1(p)

cn3 =

8
>><

>>:

1 + p (for n = 1)

(1 + p)
⇣
Uk(p) + Uk�1(p)

⌘2
(for n = 2k + 1)

2
⇣
(1 + p)Uk�1(p)

⌘2
(for n = 2k)

<latexit sha1_base64="MasLUimsYuUNJLzJC8ql1n5Yi2A="></latexit><latexit sha1_base64="MasLUimsYuUNJLzJC8ql1n5Yi2A="></latexit><latexit sha1_base64="MasLUimsYuUNJLzJC8ql1n5Yi2A="></latexit><latexit sha1_base64="MasLUimsYuUNJLzJC8ql1n5Yi2A="></latexit>
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t ⌘ qB�t

2nm��
<latexit sha1_base64="j6OD1BHb0S3nVf5+WFp9i86i+Z0="></latexit><latexit sha1_base64="j6OD1BHb0S3nVf5+WFp9i86i+Z0="></latexit><latexit sha1_base64="j6OD1BHb0S3nVf5+WFp9i86i+Z0="></latexit><latexit sha1_base64="j6OD1BHb0S3nVf5+WFp9i86i+Z0="></latexit>



Reminder: Chebyshev polynomials

https://en.wikipedia.org/wiki/Chebyshev_polynomials#Examples



✓
<latexit sha1_base64="NWXifH6DoUOOs0RnpAg+13YzrjI="></latexit><latexit sha1_base64="NWXifH6DoUOOs0RnpAg+13YzrjI="></latexit><latexit sha1_base64="NWXifH6DoUOOs0RnpAg+13YzrjI="></latexit><latexit sha1_base64="NWXifH6DoUOOs0RnpAg+13YzrjI="></latexit>

u�
<latexit sha1_base64="VIYPSaz7wNpUnqsjyMurLfgzuMM="></latexit><latexit sha1_base64="VIYPSaz7wNpUnqsjyMurLfgzuMM="></latexit><latexit sha1_base64="VIYPSaz7wNpUnqsjyMurLfgzuMM="></latexit><latexit sha1_base64="VIYPSaz7wNpUnqsjyMurLfgzuMM="></latexit>

�✓
<latexit sha1_base64="e3MAIc11EBXuIPnEG2FS4PHfo8Y="></latexit><latexit sha1_base64="e3MAIc11EBXuIPnEG2FS4PHfo8Y="></latexit><latexit sha1_base64="e3MAIc11EBXuIPnEG2FS4PHfo8Y="></latexit><latexit sha1_base64="e3MAIc11EBXuIPnEG2FS4PHfo8Y="></latexit>

arctan(✓/2)
<latexit sha1_base64="+2kx4WfuydkMzLQeGZxr6WQShW8="></latexit><latexit sha1_base64="+2kx4WfuydkMzLQeGZxr6WQShW8="></latexit><latexit sha1_base64="+2kx4WfuydkMzLQeGZxr6WQShW8="></latexit><latexit sha1_base64="+2kx4WfuydkMzLQeGZxr6WQShW8="></latexit>
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<latexit sha1_base64="W7U/pD7EcWicWqkFhs8lwtt6zMs="></latexit><latexit sha1_base64="W7U/pD7EcWicWqkFhs8lwtt6zMs="></latexit><latexit sha1_base64="W7U/pD7EcWicWqkFhs8lwtt6zMs="></latexit><latexit sha1_base64="rkI7kiVJSWO2j/urgI31V94UHw4="></latexit><latexit sha1_base64="ZvAsdOAcad8nVY3oWKFQOaAF0H8="></latexit><latexit sha1_base64="ZvAsdOAcad8nVY3oWKFQOaAF0H8="></latexit><latexit sha1_base64="LNnrDpjNZgDRZ73tML1+HPUDojc="></latexit><latexit sha1_base64="W7U/pD7EcWicWqkFhs8lwtt6zMs="></latexit><latexit sha1_base64="W7U/pD7EcWicWqkFhs8lwtt6zMs="></latexit><latexit sha1_base64="W7U/pD7EcWicWqkFhs8lwtt6zMs="></latexit><latexit sha1_base64="W7U/pD7EcWicWqkFhs8lwtt6zMs="></latexit><latexit sha1_base64="W7U/pD7EcWicWqkFhs8lwtt6zMs="></latexit><latexit sha1_base64="W7U/pD7EcWicWqkFhs8lwtt6zMs="></latexit>
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B

<latexit sha1_base64="nAbCXrh3QrNkV527Q/mxhaph33Y="></latexit><latexit sha1_base64="nAbCXrh3QrNkV527Q/mxhaph33Y="></latexit><latexit sha1_base64="nAbCXrh3QrNkV527Q/mxhaph33Y="></latexit><latexit sha1_base64="nAbCXrh3QrNkV527Q/mxhaph33Y="></latexit>
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B

<latexit sha1_base64="29GrinjAArDrOfnw6Z006oQXpF8="></latexit><latexit sha1_base64="29GrinjAArDrOfnw6Z006oQXpF8="></latexit><latexit sha1_base64="29GrinjAArDrOfnw6Z006oQXpF8="></latexit><latexit sha1_base64="29GrinjAArDrOfnw6Z006oQXpF8="></latexit>

u� ⇥ t
<latexit sha1_base64="RiOvcG/VLv+B7gIfQzQPoLeXe2M="></latexit><latexit sha1_base64="RiOvcG/VLv+B7gIfQzQPoLeXe2M="></latexit><latexit sha1_base64="RiOvcG/VLv+B7gIfQzQPoLeXe2M="></latexit><latexit sha1_base64="RiOvcG/VLv+B7gIfQzQPoLeXe2M="></latexit>

• Rotation angle 

• Equivalent to the Boris 
solver with a gyro-
phase correction

Solution 2: Exact-gyration solver

✓ =
q�t

m��B
<latexit sha1_base64="grMksTHKzqhsIB9OP+vuZvt3RTo="></latexit><latexit sha1_base64="grMksTHKzqhsIB9OP+vuZvt3RTo="></latexit><latexit sha1_base64="grMksTHKzqhsIB9OP+vuZvt3RTo="></latexit><latexit sha1_base64="grMksTHKzqhsIB9OP+vuZvt3RTo="></latexit>

u�
k =

(u� ·B) B

|B|2

u+ = u�
k + (u� � u�

k ) cos ✓ +
u� ⇥B

|B| sin ✓
<latexit sha1_base64="B3hd2dyej+1CKLOUGMcbbKvHPWY="></latexit><latexit sha1_base64="B3hd2dyej+1CKLOUGMcbbKvHPWY="></latexit><latexit sha1_base64="B3hd2dyej+1CKLOUGMcbbKvHPWY="></latexit><latexit sha1_base64="rkI7kiVJSWO2j/urgI31V94UHw4="></latexit><latexit sha1_base64="kE6O0/esx0Tfc7m6/M4AbvU/IRg="></latexit><latexit sha1_base64="kE6O0/esx0Tfc7m6/M4AbvU/IRg="></latexit><latexit sha1_base64="g8XHMkknfJfDuYsarLWJT/6ODW4="></latexit><latexit sha1_base64="B3hd2dyej+1CKLOUGMcbbKvHPWY="></latexit><latexit sha1_base64="B3hd2dyej+1CKLOUGMcbbKvHPWY="></latexit><latexit sha1_base64="B3hd2dyej+1CKLOUGMcbbKvHPWY="></latexit><latexit sha1_base64="B3hd2dyej+1CKLOUGMcbbKvHPWY="></latexit><latexit sha1_base64="B3hd2dyej+1CKLOUGMcbbKvHPWY="></latexit>
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Stability: Volume preservation

(xt� 1
2�t,ut� 1

2�t) ! (xt+ 1
2�t,ut+ 1

2�t)
<latexit sha1_base64="F1kzLg9srDZZR3UM8frvghKBL50="></latexit><latexit sha1_base64="F1kzLg9srDZZR3UM8frvghKBL50="></latexit><latexit sha1_base64="F1kzLg9srDZZR3UM8frvghKBL50="></latexit><latexit sha1_base64="F1kzLg9srDZZR3UM8frvghKBL50="></latexit>

���
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2�t
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2�t
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@ut� 1
2�t
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2�t
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@ut� 1
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<latexit sha1_base64="taarmUba8P+W5aa13GU4qKRHY38="></latexit><latexit sha1_base64="taarmUba8P+W5aa13GU4qKRHY38="></latexit><latexit sha1_base64="taarmUba8P+W5aa13GU4qKRHY38="></latexit><latexit sha1_base64="taarmUba8P+W5aa13GU4qKRHY38="></latexit>

• Stable scheme preserves a volume in the phase space 
during the temporal evolution (Qin et al. 2013). 

• We have formally proved this property in our paper.



Stability: Volume preservation
2-step Boris: volume-preserving

RK4

Exact/Zenitani: volume-preserving

Qin et al. 2013

(a) 1st turn (b) 300th turn

x
<latexit sha1_base64="ABs78pJfQ0IBImWbJNQBtILM7cM="></latexit><latexit sha1_base64="ABs78pJfQ0IBImWbJNQBtILM7cM="></latexit><latexit sha1_base64="ABs78pJfQ0IBImWbJNQBtILM7cM="></latexit><latexit sha1_base64="ABs78pJfQ0IBImWbJNQBtILM7cM="></latexit>

y
<latexit sha1_base64="S4AcfRHnTitqkE/LhRlH8uBJouk="></latexit><latexit sha1_base64="S4AcfRHnTitqkE/LhRlH8uBJouk="></latexit><latexit sha1_base64="S4AcfRHnTitqkE/LhRlH8uBJouk="></latexit><latexit sha1_base64="S4AcfRHnTitqkE/LhRlH8uBJouk="></latexit>

x
<latexit sha1_base64="ABs78pJfQ0IBImWbJNQBtILM7cM="></latexit><latexit sha1_base64="ABs78pJfQ0IBImWbJNQBtILM7cM="></latexit><latexit sha1_base64="ABs78pJfQ0IBImWbJNQBtILM7cM="></latexit><latexit sha1_base64="ABs78pJfQ0IBImWbJNQBtILM7cM="></latexit>

RK4

B



Constraint to the timestep

• Because of a numerical Larmor radius, 
{ n2/(2+n2) }0.5 times larger Δt is allowed

Zenitani & Kato 2019

Numerical 
gyroradius

ωcΔt



k�uk
<latexit sha1_base64="DW0ZP6qRlti+dhriPvlY/U++QJI="></latexit><latexit sha1_base64="DW0ZP6qRlti+dhriPvlY/U++QJI="></latexit><latexit sha1_base64="DW0ZP6qRlti+dhriPvlY/U++QJI="></latexit><latexit sha1_base64="DW0ZP6qRlti+dhriPvlY/U++QJI="></latexit>

!c�t
<latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit>

Numerical tests (1): Errors in gyration

Error /
⇣�t

n

⌘2

<latexit sha1_base64="niUdBMnZppIp6oZ6noP2jWOjMHw="></latexit><latexit sha1_base64="niUdBMnZppIp6oZ6noP2jWOjMHw="></latexit><latexit sha1_base64="niUdBMnZppIp6oZ6noP2jWOjMHw="></latexit><latexit sha1_base64="niUdBMnZppIp6oZ6noP2jWOjMHw="></latexit>
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!c�t
<latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit>

k�uk
kuk max

<latexit sha1_base64="000yXnPbn0OyB6kTBJ6UVos1+gk="></latexit><latexit sha1_base64="000yXnPbn0OyB6kTBJ6UVos1+gk="></latexit><latexit sha1_base64="000yXnPbn0OyB6kTBJ6UVos1+gk="></latexit><latexit sha1_base64="000yXnPbn0OyB6kTBJ6UVos1+gk="></latexit>

Numerical tests (2): Errors in various field

Error
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E

B

E×B
E=B
E

• Errors are largely controlled by 
the gyration part, because all 
the solvers share the same 
Coulomb-force solver



Numerical tests (3): Computation time

Fast Slow

Multiple 
Boris
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Exact-
gyration



Summary
• Multiple Boris solvers 

• n-times multiplication of the Boris solver 

• Single-step formula with Chebyshev polynomials 

• n2-times higher accuracy for the gyration part 

• Exact-gyration solver 
• Based on the rotation formula 

• Exact accuracy for the gyration part 

• Both solvers are computationally affordable 

• References: 
• Zenitani & Umeda, On the Boris solver in particle-in-cell simulation, Phys. 

Plasmas. 25, 112110 (2018)
• Zenitani & Kato, Multiple Boris integrators for particle-in-cell simulation, 

Comput. Phys. Commun., in press (2019)
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