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Velocity distribution in particle simulation

- Maxwell distribution

* Many algorithms are known
* e.g. Box=Muller (1958) method

n1 =/ —2InU; cos(2nU>)
No = v/ —21In U1 Sin(27TU2)

- What about loss-cone distributions?

We offer numerical recipes

for generating
loss-cone distributions
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Subtracted Maxwellian
[Ashour-Abdalla & Kennel, 1978]
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Subtracted Maxwellian
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Lo%s_-cone (AK) distribution
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U:: Uniform random variate




Subtracted Maxwellian
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Lo%s-cone (AK) distribution
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Ui , Uz: Uniform random variates




Subtracted Maxwellian
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Subtracted Maxwellian - Recipe

N, vi 1 v? v?
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Algorithm 2

generate Uy, Uy, U3 ~ U(0, 1) Uniform variate
generate N ~ N(0, 1) Normal variate
x «— —logU; — Blog U,

Vi1 < 0,vVxcos(2nUz)

Vip « 0,/xsin(2rUz)

return v, i, v, o,V




Dory-type loss-cone distribution

[Dory et al., 1965]
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Losg—cone (DGH) distribution Algorithm 3
generate X ~ Ga(j + 1, 1)
1073 /I generate uniform Y; - - - Y41 ~ U(0, 1)
/X — —log (TT}2) ¥i)
10-5 generate U ~ U(0, 1)

generate N ~ N(0,1)

V]« Gl\/fcos(ZﬂU)
Vi — Gl\/Ysin(ZﬂU)

returnv, i, v o, v




Kappa loss-cone distribution

[Summers & Thorne 1991]
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Ka%pa loss-cone distribution Algorithm 4
| |

generate N ~ N (0, 1)
1103 generate Y ~ Ga(k — 1/2,2) Gamma variate

generate X ~ Ga(j + 1,2)  Gamma variate

generate U ~ U(0, 1)

Vi1 « 0, VkX cos2nU)/NY
V12 — 0, VkX sin(2nU)/NY
v« VkN/VY

return v, i, vio, v




Loss-cone?

Los%-cone (DGH) distribution
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Ka%pa loss-cone distribution
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Pitch-angle (PA) type distribution
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Utilizing Beta distribution
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Beta distribution

* One can transform isotropic distributions to
loss-cone distributions via Beta random variate.




PA-type loss-cone distribution

Algorithm 5.3: Loss-cone distribution

Logs-cone (PA) distribution

generate N ~ N(0, 1) Loss-cone
generate X; ~ Ga(3/2,1) transform
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return v, 1, v o, V|
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Old (V.-type) vs New (PA-type)

Los%-cone (DGH) distribution Logs-cone (PA) distribution
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Summary

1. Numerical procedures for loss-cone distributions
- Subtracted Maxwellian
- Dory-type loss-cone distribution

Kappa loss-cone distribution
2. Pitch-angle type distributions
+ Loss-cone transform, via Beta random variate
- PA-type loss-cone distributions
Advantages (not presented)

- Flexibility - Loss-cone index j and kappa index K can be non-integer
* SIMD/SIMT friendly - No branching, no rejection
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