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Loading loss-cone distributions 
in particle simulations
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• Maxwell distribution 
• Many algorithms are known 

• e.g. Box=Muller (1958) method 

• What about loss-cone distributions?

Velocity distribution in particle simulation
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n1 =
p

�2 lnU1 cos(2⇡U2)

n2 =
p

�2 lnU1 sin(2⇡U2)

Baumjohann & Treumann, 1996

We offer numerical recipes 
for generating 

loss-cone distributions



Subtracted Maxwellian 
[Ashour-Abdalla & Kennel, 1978]

β=0.0 β=1.0β=0.5



Subtracted Maxwellian

β=0.0

U1: Uniform random variate

• Exponential distribution



Subtracted Maxwellian

β=1.0 • Gamma (Erlang) distribution
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x � logU1 � logU2

U1 , U2: Uniform random variates



Subtracted Maxwellian

0.0<β<1.0 • Consistent with two limits



Subtracted Maxwellian - Recipe

Normal variate

Uniform variate



Dory-type loss-cone distribution 
[Dory et al., 1965]



Kappa loss-cone distribution 
[Summers & Thorne 1991]

Gamma variate

Gamma variate



Loss-cone?



Pitch-angle (PA) type distribution
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c.f. Kennel 1966



Utilizing Beta distribution

v
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=

Beta distribution

• One can transform isotropic distributions to 
loss-cone distributions via Beta random variate.



PA-type loss-cone distribution

Loss-cone 
transform 

(Beta variate)



Old (V⊥-type)  vs  New (PA-type)



• 1. Numerical procedures for loss-cone distributions 
• Subtracted Maxwellian 

• Dory-type loss-cone distribution 

• Kappa loss-cone distribution 

• 2. Pitch-angle type distributions 
• Loss-cone transform, via Beta random variate 

• PA-type loss-cone distributions 

• Advantages (not presented) 
• Flexibility - Loss-cone index  j  and kappa index      can be non-integer  

• SIMD/SIMT friendly - No branching, no rejection 

• Reference: 
• S. Zenitani & S. Nakano, Loading Loss-Cone Distributions in Particle Simulations, 

JGR: Space Physics 128, e2023JA031983 (arXiv:2309.06879)

Summary

and then we obtain
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2NM
p
⇡
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where �(x) is the gamma function and

Ga(x; k,�) =
xk�1e�x/�

�(k)�k
(5)

is the gamma distribution with a shape parameter k and a scale parameter �. There are
several procedures to generate the gamma distributions.5,10,14,25 We present some of them in
Appendix A. From a gamma-distributed random variate XGa(↵,�), we recover the velocity

v = vM
p
XGa(3/2,1) = �

p
XGa(3/2,2). (6)

We can also rewrite this with TM ,

v =

r
2TM

m
XGa(3/2,1) =

p
XGa(3/2,2TM/m). (7)

Finally, we obtain the v vector, by randomly scattering v onto the spherical surface, using
two uniform random variates X1, X2 ⇠ U(0, 1).
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vx = v (2X1 � 1)

vy = 2v
p
X1(1�X1) cos(2⇡X2)

vz = 2v
p
X1(1�X1) sin(2⇡X2)

(8)

III. KAPPA DISTRIBUTION

A kappa distribution is defined by

f(v)d
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where ✓ is the most probable speed and  is the kappa parameter. The  parameter controls
a power-law index in the high-energy part. It ranges  > 3/2, so that the effective plasma
temperature T = [/(2�3)]m✓2 remains finite. Other properties of the kappa distribution
are discussed in Livadiotis 11 and references therein. Assuming isotropy, we obtain
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