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Although some of these EOS might be outdated, none of them is
ruled out by present observations. Furthermore, the range of
stiffness of the EOS listed by Arnett & Bowers is still relevant
today. This is important for the present study. In order for our
analysis to be robust it is necessary that our sample of EOS spans the
anticipated range of stiffness. However, we have also included three
more modern EOS: one of the models of Wiringa, Ficks &
Fabrocini (1988) and two models from Glendenning (1985). For
the EOS that were also considered by Lindblom & Detweiler (1983)
we have chosen identical stellar models to facilitate a comparison of
the results. Finally, we have only included stellar models the masses
and radii of which are within the limits accepted by current
observations (Finn 1994; van Kerkwijk, van Paradijs & Zuiderwijk
1995).

2 W H AT C A N W E L E A R N F R O M
O B S E RVAT I O N S ?

Our present understanding of neutron stars comes mainly from
X-ray and radio-timing observations. These observations provide
some insight into the structure of these objects and the properties of
supranuclear matter. The most commonly and accurately observed
parameter is the rotation period, and we know that radio pulsars can
spin very fast (the shortest observed period being the 1.56 ms of
PSR 1937+21). Another basic observable, that can be obtained (in a
few cases) with some accuracy from present day observations, is the
mass of the neutron star. As Finn (1994) has shown, the
observations of radio pulsars indicate that 1:01 < M=M( < 1:64.

Similarly, van Kerkwijk et al. (1995) find that data for X-ray pulsars
indicate 1:04 < M=M( < 1:88. The data used in these two studies is
actually consistent with (if one includes error bars) M < 1:44 M(.
We now recall that the various EOS that have been proposed by
theoretical physicists can be divided into two major categories: (i)
the ‘soft’ EOS, which typically lead to neutron star models with
maximum masses around 1:4 M( and radii usually smaller than 10
km, and (ii) the ‘stiff’ EOS with the maximum values M , 1:8 M(

and R , 15 km (Arnett & Bowers 1977). From this one can deduce
that, even though the constraint put on the neutron star mass by
present-day observations seems strong, it does not rule out many of
the proposed EOS. In order to arrive at a more useful result we
are likely to need detailed observations of the stellar radius
also. Unfortunately, available data provide little information
about the radius. The recent observations of quasiperiodic oscilla-
tions in low-mass X-ray binaries indicate that R < 6M, but again
this is not a severe constraint. Although a number of attempts have
been made, using either X-ray observations (Lewin, van Paradijs &
Taam 1993) or the limiting spin period of neutron stars (Friedman,
Ipser & Parker 1986), to put constraints on the mass–radius
relation, we do not yet have a method which can provide the desired
answer.

2.1 A detection scenario

In view of this situation, any method that can be used to infer
neutron star parameters is a welcome addition. Of specific interest
may be the new possibilities offered once gravitational wave
observations become reality. An obvious question is the extent to
which one can solve the inverse problem in gravitational wave
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Figure 1. The numerically obtained f mode frequencies plotted as functions
of the mean stellar density (M and R are in km and qf mode in kHz).

Figure 2. The normalized damping time of the f modes as functions of the
stellar compactness (M and R are in km and tf mode in s).
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Figure 1. The numerically obtained f mode frequencies plotted as functions
of the mean stellar density (M and R are in km and qf mode in kHz).

Figure 2. The normalized damping time of the f modes as functions of the
stellar compactness (M and R are in km and tf mode in s).

fluid oscillation modes of a star, and we consequently expect that
qf , r̄1=2. That is, we should normalize the f mode frequency with
the average density of the star. The result of doing this is shown in
Fig. 1. From this figure it is apparent that the relation between the f
mode frequencies and the mean density is almost linear, and a linear
fitting leads to the simple relation

qf ðkHzÞ < 0:78 þ 1:635
M̄

R̄3

✓ ◆1=2

; ð5Þ

where we have introduced the dimensionless variables

M̄ ¼
M

1:4 M(

and R̄ ¼
R

10 km
: ð6Þ

From equation (5) it follows that the typical f mode frequency is
around 2.4 kHz.

To deduce a corresponding relation for the damping rate of the f
mode, we can use the rough estimate given by the quadrupole
formula. That is, the damping time should follow from

tf ,
oscillation energy

power emitted in GWs
, R

R
M

✓ ◆3

: ð7Þ

Using this normalization we plot the functional ðtf M
3=R4Þ¹1 as a

function of the stellar compactness, cf. Fig. 2. The data shown in
this figure lead to a relation between the damping time of the f mode
and the stellar parameters M and R,

1
tf ðsÞ

<
M̄3

R̄4 22:85 ¹ 14:65
M̄
R̄

✓ ◆ �
: ð8Þ

The small deviation of the numerical data from the above formula is

apparent in Fig. 2, and one can easily see that a typical value for the
damping time of the f mode is a tenth of a second.

For the damping rate of the p modes the situation is not so
favourable. This is because the damping of the p modes is more
sensitive to changes in the modal distribution inside the star. Thus,
different EOS lead to rather different p mode damping rates, cf.
Fig. 3. Previous evidence for polytropes (Andersson & Kokkotas
1997) actually indicate that this would be the case. Clearly, an
empirical relation based on the data in Fig. 3 would not be very
robust.

The situation is slightly better if we consider the oscillation
frequency of the p mode. From the data shown in Fig. 4 we can
deduce a relation between the p mode frequency and the parameters
of the star,

qpðkHzÞ <
1
M̄

1:75 þ 5:59
M̄
R̄

✓ ◆
; ð9Þ

and we see that a typical p mode frequency is around 7 kHz.
Although the data for several EOS deviate significantly from (9) it is
still a useful result. Stellar masses and radii deduced from it will not
be as accurate as ones based on f mode data, but on the other hand, if
M and R are obtained in some other way (say, from a combination of
observed f - and w modes) the p mode can be used to deduce the
relevant EOS.

That empirical relations based on p mode data would be less
robust and useful than those for the f mode was expected, since the p
modes are sensitive to changes in the matter distribution inside the
star. In contrast, the gravitational wave w modes should lead to
very robust results. It is well known (Kokkotas & Schutz 1992;
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Figure 5. The functional Rqw as a function of the compactness of the star (M
and R are in km and qw mode in kHz).

Figure 6. The functional M=tw as a function of the compactness of the star
(M and R are in km and tw mode in ms).
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Figure 6. The functional M=tw as a function of the compactness of the star
(M and R are in km and tw mode in ms).
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Figure 6. The functional M=tw as a function of the compactness of the star
(M and R are in km and tw mode in ms).
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Figure 6. The functional M=tw as a function of the compactness of the star
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ww--mmooddeess  

Andersson et al. 1996) that the w modes do not excite a significant
fluid motion. Thus, they are more or less independent of the
characteristics of the fluid. The frequencies do not depend on the
sound speed and the damping times cannot be modelled by the
quadrupole formula. Nevertheless, we can deduce the appropriate
normalization for the w mode data listed in Appendix A. Analytic
results for model problems for the w modes (Kokkotas & Schutz
1986; Andersson 1996) show that the frequency of the w mode is
inversely proportional to the size of the star. This is clear from the
data in Fig. 5. Meanwhile, the damping time is related to the
compactness of the star, i.e. the more relativistic the star, is the
longer the w mode oscillation lasts. This is shown in Fig. 6. These
properties have already been discussed in some detail by Andersson
et al. (1996) for uniform density stars.

For the present numerical data (shown in Figs 5 and 6) we find the
following relations for the frequency and damping of the first w
mode:

qwðkHzÞ <
1
R̄

20:92 ¹ 9:14
M̄
R̄

✓ ◆ �
; ð10Þ

and

1
twðmsÞ

<
1
M̄

5:74 þ 103
M̄
R̄

✓ ◆
¹ 67:45

M̄
R̄

✓ ◆2
" #

: ð11Þ

We see that a typical value for the w mode frequency is 12 kHz, but
since the frequency depends strongly on the radius of the star it
varies greatly for different EOS. For example, for a very stiff EOS
(L) the w mode frequency is around 6 kHz, while for the softest EOS
in our set (G) the typical frequency is around 14 kHz. The w mode

damping time is comparable to that of an oscillating black hole with
the same mass, i.e. it is typically less than a tenth of a millisecond.

2.3 A simple experiment

In principle, the relations we have deduced between the various
pulsation modes and the stellar parameters can be used to infer M
and R (or some combination thereof) from detected mode data. The
five relations (5)–(11) form an over-determined system of five
equations for the two unknown quantities R and M. One would
expect this system to provide an accurate characterization of the star
in the ideal case when the gravitational wave signal carries energy
in all modes (f , p and w).

This idea is promising and simple enough, but we need to
examine how well it can work in practice. To do this we have
constructed a set of independent polytropic stellar models
(p ¼ Kr1þ1=N ) with varying polytropic indices (N ¼ 0:8; 1; 1:2).
We have determined the f mode, the first p mode and the slowest
damped w mode for each of these models. We let this data represent
‘observed’ gravitational wave signals, and use various combina-
tions of the relations (5)–(11) to extract the values of the masses and
radii of the stellar models.

In Fig. 7 we show the result of a combination of the relations for f
and w modes [(5), (8), (10) and (11)] for one of the polytropic
models. In the figure, a filled circle represents the true parameters of
the star, and it is clear that estimates based on the above relations
can be very accurate. More detailed results are listed in Table 2. The
typical errors of a parameter estimation based on the oscillation
frequencies of the f and the w mode [the combination of (5) and
(10)] are (5, 2 per cent) where the first number is the error in the
radius and the second is the error in the mass. Combining the
frequency and damping of the f mode [(5) and (8)] we find (6.5, 17.6
per cent). The f mode frequency and the w mode damping rate [(5)
and (11)] lead to (5.6, 1.4 per cent), while the w mode frequency and
the f mode damping [(10) and (8)] yield (3.2, 1.9 per cent). A
combination of the w mode frequency and damping rate [(10) and
(11)] leads to (3.9, 1.6 per cent). Finally, by combining the damping
rates of the f and the w mode [(11) and (8)] we get (2.1, 6.3 per cent).
These results are rather impressive. The robustness of our empirical
relations for f and w modes, and the precision with which they can
be used to deduce stellar masses and radii, is surprising. The errors
are notably larger when we replace either the f or the w mode with
the p mode. For example, for the combination (5) and (9), the
oscillation frequencies of the f and p modes, the method estimates
the stellar parameters to within (23, 123 per cent). That is, from this
combination we can at best get upper and lower bounds of the
parameters of the observed object.

That the p mode relation is less useful for an inversion to yield the
stellar mass and radius is, however, not completely bad news. Once
we have estimated the mass and the radius we want to identify
which of the proposed EOS best fits the observed data. When
combined with data deduced from the other modes, the p modes can
provide the answer to this question, e.g. via the results in Fig. 3. If
we observe a p mode we should at least be able to exclude the
unsuitable EOS.

The most suitable EOS can, of course, also be deduced from the
mass and radius of the star. As we show in Fig. 8, the mass–radius
relation is characteristic for each EOS in our sample. From this data
it should not be difficult to infer which EOS can lead to a mass and
radius obtained via the empirical relations. Alternatively, one can
use the approach suggested by Lindblom Lindblom 1992. He has
shown how one can reconstruct the density–pressure relation in the
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Figure 7. An illustration of how accurately the radius and the mass of a star
can be inferred from detected mode data and our empirical relations.
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We see that a typical value for the w mode frequency is 12 kHz, but
since the frequency depends strongly on the radius of the star it
varies greatly for different EOS. For example, for a very stiff EOS
(L) the w mode frequency is around 6 kHz, while for the softest EOS
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combination of the w mode frequency and damping rate [(10) and
(11)] leads to (3.9, 1.6 per cent). Finally, by combining the damping
rates of the f and the w mode [(11) and (8)] we get (2.1, 6.3 per cent).
These results are rather impressive. The robustness of our empirical
relations for f and w modes, and the precision with which they can
be used to deduce stellar masses and radii, is surprising. The errors
are notably larger when we replace either the f or the w mode with
the p mode. For example, for the combination (5) and (9), the
oscillation frequencies of the f and p modes, the method estimates
the stellar parameters to within (23, 123 per cent). That is, from this
combination we can at best get upper and lower bounds of the
parameters of the observed object.

That the p mode relation is less useful for an inversion to yield the
stellar mass and radius is, however, not completely bad news. Once
we have estimated the mass and the radius we want to identify
which of the proposed EOS best fits the observed data. When
combined with data deduced from the other modes, the p modes can
provide the answer to this question, e.g. via the results in Fig. 3. If
we observe a p mode we should at least be able to exclude the
unsuitable EOS.

The most suitable EOS can, of course, also be deduced from the
mass and radius of the star. As we show in Fig. 8, the mass–radius
relation is characteristic for each EOS in our sample. From this data
it should not be difficult to infer which EOS can lead to a mass and
radius obtained via the empirical relations. Alternatively, one can
use the approach suggested by Lindblom Lindblom 1992. He has
shown how one can reconstruct the density–pressure relation in the
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QQPPOOss  iinn  ggiiaanntt  ffllaarreess  11  
•  MMaaggnneettaarrss  ::  BB  ≳11001144  GGaauussss  
•  CCaannddiiddaatteess  ooff  mmaaggeennttaarrss  

–  AAnnoommaalloouuss  XX--rraayy  ppuullssaarrss  （AAXXPPss）  
–  SSoofftt  ggaammmmaa  rreeppeeaatteerrss（SSGGRRss）  
          ~~  ssppoorraaddiicc  eemmiissssiioonn  wwiitthh  XX  aanndd  γ--rraayyss  ((~~  11004411  eerrgg//ss))  

•  GGiiaanntt  ffllaarreess  ffrroomm  SSGGRRss  ((11004444--11004466  eerrggss//ss))  
–  SSGGRR  00552266–6666  iinn  MMaarrcchh..55..11997799  
–  SSGGRR  11990000++1144  iinn  AAuugguusstt..2277..11999988  
–  SSGGRR  11880066–2200  iinn  DDeecceemmbbeerr..2277..22000044  

WWaattttss  &&  SSttrroohhmmaayyeerr  
((22000066))  

SSttrroohhmmaayyeerr  &&  WWaattttss  
((22000066))  

γ--rraayy  

XX--rraayy  

44  
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QQPPOOss  iinn  ggiiaanntt  ffllaarreess  22  
•  AAfftteerrggllooww  ooff  ggiiaanntt  ffllaarreess  →  qquuaassii  ppeerriiooddiicc  oosscciillllaattiioonnss((QQPPOOss))  

à  BBaarraatt  eett..aall..  ((11998833));;  IIssrraaeell  eett..aall..  ((22000055));;  
          WWaattttss  &&  SSttrroohhmmaayyeerr  ((22000055,,  22000066))  
–  SSGGRR  00552266--6666  ::  2233mmss  ((4433HHzz)),,  BB  ∼  44  ×11001144GG  
–  SSGGRR  11990000++1144  ::  BB  >>  44  ×11001144GG,,  2288,,  5544,,  8844,,  115555  HHzz  
–  SSGGRR  11880066–2200  ::  BB  ~~  88  ×11001144GG,,  LL  ∼  11004466  eerrggss//ss  
      1188,,  2266,,  3300,,  9922..55,,  115500,,  662266..55,,  11883377  HHzz  ++  ssoommeetthhiinngg  ??  

•  TThheeoorreettiiccaall  aatttteemmppttss  ttoo  eexxppllaaiinn…�  
–  ttoorrssiioonnaall  oosscciillllaattiioonnss  iinn  nneeuuttrroonn  ssttaarr  ccrruusstt..  
–  mmaaggnneettiicc  oosscciillllaattiioonnss  ((AAllffvveenn  oosscciillllaattiioonnss))  

MMaaggnneettiicc  ssttrreennggtthh  

AAllffvveenn  
TToorrssiioonnaall    

((++  AAllffvveenn))  

BB  ≈  11001155  GG  

55  

cc..ff..))  ffuunnddaammeennttaall  mmooddeess  ooff  NNSS  iiss  oorrddeerr  ooff  kkHHzz  
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CCrruussttaall  ttoorrssiioonnaall  oosscciillllaattiioonnss  
•  oobbsseerrvveedd  QQPPOOss  iiss  ccrruussttaall  ttoorrssiioonnaall  oosscciillllaattiioonnss??  

–  IInn  NNeewwttoonniiaann;;  HHaannsseenn  &&  CCiiooffffii  ((11998800)),,  MMccDDeerrmmootttt  eett  aall..  ((11999988)),,  
                                      CCaarrrroollll  eett  aall..  ((11998866)),,  SSttoorrhhmmaayyeerr  ((11999911)),,  …�  

          à  wwiitthhoouutt  mmaaggnneettiicc  ffiieelldd  
  

  

  

          à  
–  rreellaattiivviissttiicc  mmooddeellss;;  SScchhuummaakkeerr  &&  TThhoonnee  ((11998833)),,  LLeeiinnss  ((11999944)),,    
                                                    SSaammuueellssssoonn  &&  AAnnddeerrssssoonn  ((22000077))  
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SSGGRR  11880066--2200  

SSaammuueellssssoonn  &&  AAnnddeerrssssoonn  ((22000077))  



CCoonnssttrraaiinntt  oonn  NNSS  mmooddeell  
SSaammuueellssssoonn  &&  AAnnddeerrssssoonn  ((22000077))  
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AAxxiiaall  AAllffvveenn  oosscciillllaattiioonnss  
((HHSS++22000088aa))  

ttwwoo  ffaammiilliieess  iinn  AAllffvveenn  oosscciillllaattiioonnss  

-  ccoonnttiinnuuuumm  ssppeeccttrruumm  
-  uuppppeerr  &&  lloowweerr  QQPPOOss  
-  ffLLnn  ≅  ((nn++11))  ffLL00,,    ffUUnn  ≅  ((nn++11))  ffUU00  
-  ffLLnn  //  ffUUnn  ≅  00..66  iinnddeeppeennddeennttllyy  ooff  tthhee  sstteellllaarr  mmooddeell  
-  ffLLnn  &&  ffUUnn  ∝  tthhee  mmaaggnneettiicc  ffiieelldd  ssttrreennggtthh  
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EEffffeeccttiivvee  aammpplliittuuddee  
((CCeerrddaa--DDuullaann++22001100))  

•  UUppppeerr  QQPPOOss  aarree  aassssoocciiaatteedd  wwiitthh  tthhee  ooppeenn  ffiieelldd  lliieennss  
•  LLoowweerr  QQPPOOss  aarree  aassssoocciiaatteedd  wwiitthh  tthhee  cclloosseedd  ffiieelldd  lliieennss  
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DDiiffffeerreenntt  ttyyppee  ooff  mmaaggnneettiicc  
ddiissttrriibbuuttiioonn  

((GGaabblleerr++22001122))  

TTaakkiinngg  iinnttoo  aaccccoouunntt  tthhee  qquuaaddrruuppllee  ccoommppoonneenntt  aass  wweellll  aass  
ddiippoollee  ccoommppoonneenntt,,  tthhee  AAllffvveenn  oosscciillllaattiioonnss  aarree  eexxaammiinneedd…�  
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MMaaggnneettiicc  oosscciillllaattiioonnss  ssttrroonnggllyy  ddeeppeenndd  oonn  tthhee  
mmaaggnneettiicc  ccoonnffiigguurraattiioonn  !!  



CCrruusstt  eeffffeecctt  
((CCoollaaiiuuddaa++22001111,,  GGaabblleerr++22001100,,  22001122))  

•  SSttrroonngg  mmaaggnneettiicc  ffiieelldd  
-  nnoo  ccrruusstt  ttoorrssiioonnaall  oosscciillllaattiioonnss  

•  WWeeaakk  mmaaggnneettiicc  ffiieelldd  
-  AAllffvveenn  oosscciillllaattiioonnss  aarree  ccoonnffiinneedd  iinn  ccoorree  rreeggiioonn  
-  ssuurrffaaccee  oosscciillllaattiioonnss  aarree  ccrruusstt  ttoorrssiioonnaall  oosscciillllaattiioonnss  
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AAxxiiaall  AAllffvveenn  oosscciillllaattiioonnss  

CCoonnttiinnuuuumm  ssppeeccttrruumm  

-  uuppppeerr  &&  lloowweerr  QQPPOOss  
SSttrroonnggeerr  mmaaggnneettiicc  ffiieelldd  tthhaann  ~~11001155  GG  

-  oonnllyy  AAllffvveenn  oosscciillllaattiioonnss  ccaann  bbee  eexxcciitteedd  
WWeeaakkeerr  mmaaggnneettiicc  ffiieelldd  tthhaann  ~~11001155  GG  

-  ccrruusstt  ttoorrssiioonnaall  oosscciillllaattiioonnss  ccaann  bbee  eexxcciitteedd  nneeaarr  ssuurrffaaccee  
-  AAllffvveenn  oosscciillllaattiioonnss  aarree  ccoonnffiinneedd  iinn  tthhee  ccoorree  rreeggiioonn  
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ll  ==  22  

MMaaggnneettiicc  ssttrreennggtthh  

AAllffvveenn  
TToorrssiioonnaall    

((++  AAllffvveenn))  

BB  ≈  11001155  GG  



CCoonnssttrraaiinntt  oonn  mmaaggnneettiicc  ccoonnffiigguurraattiioonn  
((HHSS++22000088bb))  

OObbsseerrvveedd  mmaaggnneettiicc  ffiieelldd  ssttrreennggtthh  

-  SSGGRR  11990000++1144::  BB  ≳  44×11001144  GG  ((HHuurrlleeyy++11999999))  
-  SSGGRR  11880066--2200::  BB  ~~  88×11001144GG  ((KKoouuvveelliioottoouu++11999988))  

IIff  mmaaggnneettiicc  ffiieelldd  iiss  ccoonnffiinneedd  iinn  ccrruusstt…�  

-  ttyyppee  II  ssuuppeerr  ccoonndduuccttoorr  
-  oosscciillllaattiioonn  iiss  ccoonnffiinneedd  iinn  ccrruusstt..  
-  wwee  hhaavvee  nnoo  wwaayy  ttoo  eexxppllaaiinn  
tthhee  lloowweerr  ffrreeqquueenncciieess  

-  mmaaggnneettiicc  ffiieelldd  sshhoouulldd  
ppeerrmmeeaattee  tthhee  wwhhoollee  ssttaarr  

-  ttyyppee  IIII  ssuuppeerr--ccoonndduuccttoorr  iiss  ffaavvoorreedd!!  
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rreemmaarrkkss  

•  mmaaggnneettiicc  ccoonnffiigguurraattiioonn  iinnssiiddee  NNSSss  aarree  ssttiillll  uunnkknnoowwnn..  
•  EEOOSS  ffoorr  ccoorree  rreeggiioonn  iiss  uunnffiixxeedd  yyeett..  

•  ttoo  aavvooiidd  ssuucchh  uunncceerrttaaiinnttiieess,,  wwee  ffooccuuss  oonn  tthhee  ccrruussttaall  
ttoorrssiioonnaall  oosscciillllaattiioonnss  wwiitthhoouutt  mmaaggnneettiicc  ffiieelldd  eeffffeeccttss  

-  fflluuiidd  ccoorree;;  zzeerroo  sshheeaarr  mmoodduulluuss  ------>>  NNoo  ttoorrssiioonnaall  oosscciillllaattiioonnss  
-  ttoorrssiioonnaall  oosscciillllaattiioonnss  llooccaalliizzee  oonnllyy  iinn  ccrruusstt  rreeggiioonn..  
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EEOOSS  nneeaarr  tthhee  ssaattuurraattiioonn  ppooiinntt  
•  BBuullkk  eenneerrggyy  ppeerr  nnuucclleeoonn  nneeaarr  tthhee  ssaattuurraattiioonn  ppooiinntt  ooff  
ssyymmmmeettrriicc  nnuucclleeaarr  mmaatttteerr  aatt  zzeerroo  tteemmppeerraattuurree;;  
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The structure of neutron stars can be considered
The equilibrium structure of nonrotating neutron star

becomes the static, spherically symmetric solution of the
Tolman-Oppenheimer-Volkoff (TOV) equations. In this
case, the metric can be described as

ds2 = −e2Φdt2 + e2Λdr2 + r2dθ2 + r2 sin2 θ dφ2, (1)

where Φ and Λ are functions with respect to r. In order
to be closed the equation system, one needs to prepare
the additional equation, i.e., the equation of state (EOS).

In the limit of n → n0 and α → 0, the balk energy per
nucleon can be written as the usual formula [15];

w = w0 +
K0

18n2
0

(n − n0)2 +
[
S0 +

L

3n0
(n − n0)

]
α2, (2)

where w0, n0, K0, and α are the saturation energy, sat-
uration density, incompressibility of symmetric nuclear
matter, and the neutron excess, respectively. Addition-
ally, the parameters L and S0 are associated with the
symmetry energy coefficient, S(n), which corresponds to
the coefficient of α2 in Eq. (2), i.e., S0 is the symmetry
energy coefficient at n = n0, while L = 3n0(dS/dn)n=n0

is the symmetry energy density derivative coefficient.
Since the torsional oscillation on the spherically sym-

metric star is incompressible, this type of oscillation
does not induce the stellar deformation and density
variation. Thus, one can determine the frequencies of
torsional oscillations with satisfactory accuracy even if
the metric perturbations would be neglected by setting
δgµν = 0, which is known as the relativistic Cowl-
ing approximation. With this approximation, the tor-
sional oscillations can be described with one perturba-
tion variable, i.e., the angular displacement of the stel-
lar matter, Y, which is associated with the φ-component
of the perturbed 4-velocity of fluid, δuφ, as δuφ =
e−Φ∂tY(t, r)∂θPℓ(cos θ)/ sin θ. Here, ∂t and ∂θ denote
the partial derivative with respect to t and θ, while Pℓ

∗Electronic address: hajime.sotani@nao.ac.jp

TABLE I: Crust EOS parameters.

−y (MeV/fm3) K0 (MeV) L (MeV) n1 (fm−3) n2 (fm−3)

220 180 52.2 0.06 0.079

220 230 73.4 0.064 0.073

220 280 *** *** ***

220 360 146.1 0.066 0.066

350 180 31.0 0.058 0.091

350 230 42.6 0.063 0.086

350 280 *** *** ***

350 360 76.4 0.072 0.076

1800 180 5.7 0.058 0.134

1800 230 7.6 0.058 0.127

1800 280 *** *** ***

1800 360 12.8 0.058 0.118

is the Legendre polynomial of order ℓ. Assuming that
Y(t, r) = eiωtY(r), one can obtain the perturbation equa-
tion from the linearlized equation of motion [18];

Y ′′ +
[(

4
r

+ Φ′ − Λ′
)

+
µ′

µ

]
Y ′

+
[
ϵ + p

µ
ω2e−2Φ − (ℓ + 2)(ℓ − 1)

r2

]
e2ΛY = 0, (3)

where ϵ, p, and µ correspond to the energy density, pres-
sure, and shear modulus, respectively, and the prime de-
notes the derivative with respect to r. In order to de-
termine the eigenfrequencies, ω, we adopt the following
boundary conditions; a zero-traction condition at n = n1

and zero-torque condition at the stellar surface. The both
conditions can reduce to Y ′ = 0 [18, 19].

µ = 0.1194 × ni(Ze)2/a, (4)

where ni and +Ze are corresponding to the ion number
density and the ion charge, while a is defined as a3 =
3/(4πni), which corresponds the average ion spacing [25].
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the nucleon part nw + mnc
2nn + mpc2np [see Eq. (1)] and

the electron part (15). By comparing the resultant six energy
densities, we can determine the equilibrium phase.

III. EQUILIBRIUM SIZE AND SHAPE OF NUCLEI

We proceed to show the results for the equilibrium nuclear
matter configuration obtained for various sets of the EOS
parameters L and K0 as shown in Fig. 1. These parameters are
still uncertain because they are little constrained from the mass
and radius data for stable nuclei [2]. As we shall see, the charge
number of spherical nuclei and the density region containing
bubbles and nonspherical nuclei have a strong correlation
with L.

We first focus on spherical nuclei, which constitute an
equilibrium state in the low-density region. We calculate the
charge number of the equilibrium nuclide as a function of nb for
the EOS models A–I as depicted in Fig. 2. Note that the recent
GFMC calculations of the energy of neutron matter based on
the Argonne v8’ potential [15] are close to the behavior of
the model E. Hereafter we will thus call the model E as a
typical one. The result is shown in Fig. 3. For densities below
∼0.01 fm−3, the calculated density dependence of the charge
number Z is almost flat, a feature consistent with the results
in earlier investigations [1]. More important, the calculated
charge number is larger for the EOS models having smaller L,
and this difference in Z is more remarkable at higher densities.

As we shall see later in this section, this property of
Z is related to the tendency that with increasing L, the
nuclear density decreases while the density of the neutron
gas increases. Note that Z is, within a liquid-drop model [1],
determined by the size equilibrium condition relating the
Coulomb and surface energies in such a way that Z increases
with increasing surface tension. Because the Thomas-Fermi
model adopted here can be mapped onto a compressible liquid-
drop model [2], the present results may well be interpreted in
terms of the liquid-drop model. In fact we shall estimate the
surface tension from the Thomas-Fermi model as a function of
L and discuss how the surface tension depends on the nuclear
density and the neutron sea density.

We also note that the density at which the phase with
spherical nuclei ceases to be in the ground state is between
0.05 and 0.07 fm−3. This result, consistent with the results
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obtained in earlier investigations [1,7,10], will be discussed
below in terms of fission instability.

The average proton fraction, which is the charge number
divided by the total nucleon number in the cell, is plotted in
Fig. 4. We observe that the dependence of the average proton
fraction on the EOS models is similar to that of Z. We also
find that the average proton fraction basically decreases with
baryon density. This is a feature coming from the fact that as
the baryon density increases, the electron chemical potential
increases under charge neutrality and then the nuclei become
more neutron-rich under weak equilibrium.

We next consider the density region where bubbles and
nonspherical nuclei appear in equilibrium, i.e., the density
region of the “pasta” phases. We start with such a density
region calculated for the EOS models A–I. The results are
plotted in Fig. 5. Except for the model C, we obtain the
successive first order transitions with increasing density:
sphere → cylinder → slab → cylindrical hole → spherical
hole → uniform matter. A marked correlation of the upper end
of the density region with the parameter L can be observed by
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Figure 4. (Color online) Same as figure 3, but for the radius of a Wigner-Seitz cell, a, in the unit of fm.

lattice energy due to the Coulomb interaction. In fact, the shear modulus for the bcc lattice is derived by the Monte Carlo

calculations averaged over all direction as

µ = 0.1194 × ni(Ze)2

a
, (2)

where ni, Z, and a are the ion number density, charge number inside the nucleus, and the radius of a Wingner-Seitz cell,

respectively (Ogata & Ichimaru 1990; Strohmayer et al. 1991). Most of the previous calculations for torsional oscillations in

the crust region have been done with this formula of shear modulus. However, one may have to consider the contribution due

to the inhomogeneity of electron distribution, i.e., the effect of electron screening, in the shear modulus. In practice, due to

the electron screening effect, the shear modulus can reduce about 10% compared to that without such an effect (Horowitz &

Hughto 2008). Recently, the formula for the shear modulus including the electron screening effect is also suggested as

µ = 0.1194
[
1 − 0.010Z2/3

] ni(Ze)2

a
, (3)

where the term with Z2/3 corresponds to the contribution of the electron screening effect (Kobyakov & Pethick 2013). With

this formula, one can see that the shear modulus reduces ∼ 11.7% for Z = 40 compared to that without such an effect,

which is consistent with the previous suggestion by Horowitz & Hughto (2008). Furthermore, one might consider the phonon

contribution in the shear modulus. But, since such a contribution is much smaller than that coming from a static lattice

(Baiko 2012), one can neglect it. Thus, we will calculate the frequencies of torsional oscillations in the crust region with Eqs.

(2) and (3) to examine how important the electron screening effect is.

3 CRUSTAL TORSIONAL OSCILLATIONS

We consider the torsional oscillations on the crust equilibrium configuration mentioned in the previous section. In general, to

examine oscillations of neutron stars, one should consider not only the fluid oscillations but also the spacetime oscillations.

However, the torsional oscillations are the oscillations with axial parity and do not involve the density variation during the

oscillations. Due to such a feature, one can accurately examine the frequencies of torsional oscillations with the assumption

that the metric is fixed during the oscillations, i.e., one can neglect the metric perturbations on the background (1) by

setting δgµν = 0. This treatment is well-known as the relativistic Cowling approximation. Additionally, since the background

configuration is spherically symmetric, the non-axisymmetric oscillations degenerate into the axisymmetric oscillations. So,

we consider only axisymmetric oscillations in this article. In this case, the non-zero perturbed quantity is the φ-component of

perturbed four-velocity, δuφ, which can be expressed as

δuφ = e−Φ∂tY(t, r)
1

sin θ
∂θPℓ(cos θ). (4)

In this expression, ∂t and ∂θ denote the partial derivative with respect to t and θ, while Pℓ is the ℓ-th order Legendre

polynomial. Variable Y is corresponding to the Lagrangian displacement for the angular direction. Then, the perturbation

equation governing the torsional oscillations can be derived from the linearized equation of motion (Schumaker & Thorne

1983) as

Y ′′ +

[(
4
r

+ Φ′ − Λ′
)

+
µ′

µ

]
Y ′ +

[
ρ + p

µ
ω2e−2Φ − (ℓ + 2)(ℓ − 1)

r2

]
e2ΛY = 0, (5)

where we assume that the perturbation variable has a harmonic time dependence as Y(t, r) = eiωtY(r) with eigenfrequency

ω.
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lattice energy due to the Coulomb interaction. In fact, the shear modulus for the bcc lattice is derived by the Monte Carlo

calculations averaged over all direction as

µ = 0.1194 × ni(Ze)2
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, (2)

where ni, Z, and a are the ion number density, charge number inside the nucleus, and the radius of a Wingner-Seitz cell,

respectively (Ogata & Ichimaru 1990; Strohmayer et al. 1991). Most of the previous calculations for torsional oscillations in

the crust region have been done with this formula of shear modulus. However, one may have to consider the contribution due

to the inhomogeneity of electron distribution, i.e., the effect of electron screening, in the shear modulus. In practice, due to

the electron screening effect, the shear modulus can reduce about 10% compared to that without such an effect (Horowitz &

Hughto 2008). Recently, the formula for the shear modulus including the electron screening effect is also suggested as

µ = 0.1194
[
1 − 0.010Z2/3

] ni(Ze)2

a
, (3)

where the term with Z2/3 corresponds to the contribution of the electron screening effect (Kobyakov & Pethick 2013). With

this formula, one can see that the shear modulus reduces ∼ 11.7% for Z = 40 compared to that without such an effect,

which is consistent with the previous suggestion by Horowitz & Hughto (2008). Furthermore, one might consider the phonon

contribution in the shear modulus. But, since such a contribution is much smaller than that coming from a static lattice

(Baiko 2012), one can neglect it. Thus, we will calculate the frequencies of torsional oscillations in the crust region with Eqs.

(2) and (3) to examine how important the electron screening effect is.

3 CRUSTAL TORSIONAL OSCILLATIONS

We consider the torsional oscillations on the crust equilibrium configuration mentioned in the previous section. In general, to

examine oscillations of neutron stars, one should consider not only the fluid oscillations but also the spacetime oscillations.

However, the torsional oscillations are the oscillations with axial parity and do not involve the density variation during the

oscillations. Due to such a feature, one can accurately examine the frequencies of torsional oscillations with the assumption

that the metric is fixed during the oscillations, i.e., one can neglect the metric perturbations on the background (1) by

setting δgµν = 0. This treatment is well-known as the relativistic Cowling approximation. Additionally, since the background

configuration is spherically symmetric, the non-axisymmetric oscillations degenerate into the axisymmetric oscillations. So,

we consider only axisymmetric oscillations in this article. In this case, the non-zero perturbed quantity is the φ-component of

perturbed four-velocity, δuφ, which can be expressed as

δuφ = e−Φ∂tY(t, r)
1

sin θ
∂θPℓ(cos θ). (4)

In this expression, ∂t and ∂θ denote the partial derivative with respect to t and θ, while Pℓ is the ℓ-th order Legendre

polynomial. Variable Y is corresponding to the Lagrangian displacement for the angular direction. Then, the perturbation

equation governing the torsional oscillations can be derived from the linearized equation of motion (Schumaker & Thorne

1983) as

Y ′′ +

[(
4
r

+ Φ′ − Λ′
)

+
µ′

µ

]
Y ′ +
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µ
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]
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where we assume that the perturbation variable has a harmonic time dependence as Y(t, r) = eiωtY(r) with eigenfrequency
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FIG. 4. Density profiles in the cell for nuclear matter in
β equilibrium with baryon number densities 0.01, 0.03, and
0.05 fm−3.

matter in β equilibrium. Figure 4 shows the density profiles for
different baryon number densities. The droplet structure itself
is quite similar to the case of the fixed proton number ratio
Yp = 0.1 considered above. The apparently different feature
in this case is that only the droplet configuration appears as a
nonuniform structure. It should be noticed, however, that the
presence or absence of the concrete pasta structure sensitively
depends on the choice of the effective interaction.

In Fig. 5, we plot the energy per baryon (top), the cell and
nuclear sizes (middle), and the proton number ratio (bottom).
The effect of the non-uniform structure on EOS (the difference
between the energy of uniform matter and that of non-uniform
one) is small. However, the proton number ratio is significantly
affected by the presence of the pasta at lower densities. In the
zero-density limit, the proton number ratio should converge to
that of the normal nuclei. The droplet radius and cell radius
in the middle panel of Fig. 5 are always smaller than the
electron Debye screening length λ

(e)
D . Thereby, the effect of

the electron charge screening is small. Unlike the fixed Yp
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FIG. 5. (Color online) Binding energy (top), cell and nuclear sizes
(middle), and proton number ratio (bottom) in the cell for nuclear
matter in β equilibrium.

cases, the droplet radius is comparable to the proton Debye
screening length, which means that the effect of the proton
rearrangement is not pronounced in this case. In fact, there is
no enhancement of the proton number density near the surface
in Fig. 4, in contrast to that in Fig. 2.

It would be useful for further applications to present a table
containing the subnuclear EOS in β equilibrium. To this end,
Table II shows pressure, energy density, and proton number
fraction versus baryon number density.

V. COMPARISON WITH OTHER CALCULATIONS

In this section, we compare our DFT calculation with others
to explore the effects of the surface, the charge rearrangement,
and the fully consistent treatment of the density distribution.

TABLE II. EOS of matter in β equilibrium. Pressure P, energy density ϵ − mNρB , and proton number ratio Yp are listed
for baryon number density ρB .

ρB P ϵ − mNρB Yp ρB P ϵ − mNρB Yp

(fm−3) (MeV/fm3) (MeV/fm3) (fm−3) (MeV/fm3) (MeV/fm3)

Droplet Uniform

0.005 0.0039483 0.0063025 0.042926 0.061 0.2418000 0.2319342 0.015024
0.010 0.0065066 0.0176880 0.025492 0.065 0.2989100 0.2647905 0.016435
0.015 0.0080088 0.0301290 0.018096 0.070 0.3813600 0.3111640 0.018241
0.020 0.0100940 0.0431160 0.014486 0.075 0.4767400 0.3638775 0.020093
0.025 0.0147800 0.0568900 0.012485 0.080 0.5856100 0.4233920 0.021986
0.030 0.0236970 0.0719850 0.011608 0.085 0.7085500 0.4901440 0.023914
0.035 0.0383230 0.0890085 0.011340 0.090 0.8460400 0.5645520 0.025874
0.040 0.0599000 0.1085920 0.011497 0.095 0.9985700 0.6470070 0.027863
0.045 0.0896340 0.1313550 0.011926 0.100 1.1666000 0.7379000 0.029877
0.050 0.1280100 0.1578800 0.012708
0.055 0.1756500 0.1886940 0.013734
0.060 0.2313900 0.2242440 0.014902

015802-6

MMaarruuyyaammaa++  ((22000055))  

nnii  ::  nnuummbbeerr  ddeennssiittyy  ooff  qquuaarrkk  ddrroopplleett  
ZZ  ::  cchhaarrggee  ooff  qquuaarrkk  ddrroopplleett  
aa  ::  WWiiggnneerr--SSeeiittzz  rraaddiiuuss  
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SShhiifftt  ooff  ffrreeqquueenncciieess  dduuee  ttoo    
tthhee  eelleeccttrroonn  ssccrreeeenniinngg  eeffffeecctt  

cchhaarrggee  nnuummbbeerr  ggeenneerraallllyy  rreedduucceess  wwiitthh  LL  

-  tthhee  sshhiifftt  ooff  ffrreeqquueenncciieess  dduuee  ttoo  eelleeccttrroonn  ssccrreeeenniinngg  eeffffeecctt,,  bbeeccoommeess  
ssmmaallll  wwiitthh  llaarrggee  LL..  
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CCoonnssttrraaiinntt  oonn  LL  
CCoonnssttrraaiinntt  oonn  LL  ffoorr  eexxppllaaiinniinngg  tthhee  bbootthh  oobbsseerrvvaattiioonnss  iinn  SSGGRR  
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ootthheerr  ccoonnssttrraaiinnttss  oonn  LL  
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Fig. 1. (Color online) Recent constraints on the slope of the symmetry energy L from analysis of terrestrial experiments and
astrophysical observations, some of which can be found summarized in this issue. The community average L ≈ 60MeV should
be taken only as guide to the favored values of L that emerge from the wide variety of experimental evidence. Taken from [1].

symmetry energy and its expansion parameters around
saturation density; let us introduce the one we use now.

The degree of isospin asymmetry in a system may
be expressed locally in terms of the proton np and neu-
tron nn number densities (which might vary in space) via
the local asymmetry parameter δ = (nn − np)/n where
n = nn + np is the total baryon number density, or glob-
ally via the parameter I = (N − Z)/A, where N,Z and
A are the total number of neutrons, protons and nucleons
in the system. For uniform nuclear matter, both param-
eters δ and I are identical. Nuclear matter with equal
numbers of neutrons and protons (δ = 0) is referred to
as symmetric nuclear matter (SNM); nuclear matter with
δ = 1 is naturally referred to as pure neutron matter
(PNM). Nuclei on Earth contain closely symmetric nu-
clear matter at densities close to nuclear saturation den-
sity ρ0 ≈ 2.6 × 1014 g cm−3 ≡ 0.16 fm−3 = n0. Nuclear
experiments tend to constrain the behavior of the binding
energy of symmetric nuclear matter, E(n ∼ n0, δ ∼ 0) to
within relatively tight ranges, but direct ab initio calcula-
tions there are extremely difficult. In contrast, experimen-
tal data directly probing E(n ∼ n0, δ ∼ 1) is impossible,
but state-of-the-art ab initio calculations of PNM have led
to significant constraints on E(n < n0, δ ∼ 1). By expand-
ing E(n, δ) about δ = 0,

E(n, δ) = E0(n) + S(n)δ2 + . . . , (1)

we can define a useful quantity called the symmetry energy

S(n) =
1
2

∂2E(n, δ)
∂δ2

∣∣∣∣
δ=0

, (2)

which encodes the change in the energy per particle of nu-
clear matter as one moves away from isospin symmetry.
This allows extrapolation to the highly isospin asymmetric
conditions in neutron stars. The simplest such extrapola-
tion, referred to as the parabolic approximation (PA) gives
the relation

EPNM(n) ≈ E0(n) + S(n). (3)

Since our experimental constraints are dominated by re-
sults from densities close to n0, it is customary to expand
the symmetry energy about χ = 0 where χ = n−n0

3n0
, thus

obtaining

S(n) = J + Lχ +
1
2
Ksymχ2 + . . . , (4)

where J , L and Ksym are the symmetry energy, its slope
and its curvature at saturation density. The true values of
the higher order symmetry energy parameters L, Ksym, . . .
are still somewhat uncertain, and the measurement of L in
particular has been the subject of an intense experimen-
tal campaign by the nuclear physics community in recent
years using nuclear probes such as masses, neutron skins,
nuclear electric dipole polarizability, collective motion and
the dynamics of heavy-ion collisions (see, e.g., [2–4] for re-
cent summaries). Ab initio calculations of PNM with well
defined theoretical errors offer additional constraints on
J and L [5–9]. Both theory and experiment are generally
in broad agreement that L falls in the rather loose range
30 ! L ! 80MeV, although higher values in particular
are not completely ruled out [10]. Figure 1 shows a se-
lection of experimental constraints on L, together with
constraints inferred from astrophysical observation, some
of which will be discussed in this review [1].

Since neutron star matter contains a low fraction of
protons, many inner crust and global stellar properties
are sensitive to the symmetry energy parameters. To
give a classic example, the pressure of PNM at satura-
tion density is given in the parabolic approximation by
PPNM(n0) = n0L/3. The pressure at the crust-core bound-
ary and in the outer core is dominated by neutron pressure
so a strong correlation should exist between the pressure in
neutron stars near saturation density and L. Neutron star
EOSs which have higher pressures at a particular density
are often referred to as “stiff”; lower pressure EOSs are
referred to as “soft”. Thus “stiff” EOSs at saturation den-
sity are associated with high values of L and “soft” EOSs
with low values of L. This fact leads to a strong correla-
tion between the radii of neutron stars and the slope of
the symmetry energy near saturation density [11].
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CCoonncclluussiioonn  
NNSS  oosscciillllaattiioonnss  aarree  ggoooodd  ccaannddiiddaatteess  ttoo  eexxttrraacctt  tthhee  iinntteerriioorr  iinnffoorrmmaattiioonn..  

-  QQPPOOss  iinn  SSGGRRss  aarree  ggoooodd  eevviiddeenncceess  ffoorr  aaddooppttiinngg  tthhee  aasstteerroosseeiissmmoollooggyy  
--  mmaaggnneettiicc  aanndd//oorr  ccrruussttaall  ttoorrssiioonnaall  oosscciillllaattiioonnss??  

-  iiddeennttiiffyyiinngg  tthhee  oobbsseerrvveedd  QQPPOO  ffrreeqquueenncciieess  iinn  SSGGRRss  wwiitthh  tthhee  ccrruussttaall  
ttoorrssiioonnaall  oosscciillllaattiioonnss,,  wwee  mmaakkee  aa  ccoonnssttrraaiinntt  oonn  LL  

--  110011  ⩽  LL  ⩽  113311  MMeeVV  wwiitthhoouutt  eelleeccttrroonn  ssccrreeeenniinngg  eeffffeecctt  
--  9977  ≦  LL  ≦  112277MMeeVV  wwiitthh  eelleeccttrroonn  ssccrreeeenniinngg  eeffffeecctt..      

-  ssttiillll,,  aa  lliittttllee  llaarrggeerr  tthhaann  tthhee  pprreeddiiccttiioonnss  ffrroomm  nnuucclleeaarr  eexxppeerriimmeennttss,,  wwhhiicchh  iiss  
aarroouunndd  4400  ⪅  LL  ⪅  8800MMeeVV..    

WWee  sshhoouulldd  ttaakkee  iinnttoo  aaccccoouunntt  tthhee  aaddddiittiioonnaall  mmiissssiinngg  eeffffeeccttss  

-  mmaaggnneettiicc  ffiieellddss,,  eevveenn  tthhoouugghh  tthhee  mmaaggnneettiicc  ccoonnffiigguurraattiioonn  iiss  uunnkknnoowwnn  
-  mmoorree  rreeaalliissttiicc  sshheeaarr  mmoodduulluuss,,  iinncclluuddiinngg  tthhee  ssiizzee  eeffffeecctt  aanndd  iinn  ppaassttaa  
ssttrruuccttuurree  

-  mmaayybbee  sshheellll  eeffffeecctt  
-  eexxaammiinnaattiioonn  ooff  oovveerrttoonneess    
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