7 Linear theory of waves and instabilities

2018-10-11 Hiroki Okino

7.1 The philosophy of perturbation analysis
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Hydrodynamic case

Steady state 0/0t=0 really means stable??
=> No.
=> Growth of perturbations o(t)

Perturbations are so small => Linearization
- principal of superposition
- Evolution is separated in isolated perturbation

*The linear theory just tell us . -
how the perturbation will initially grow




7.2 Convective instability and internal gravity waves

Z
1 g - time to be pressure equilibrium
t p ~ (system size)/ Cs

>

P’ p’ - time to be thermal equilibrium
’ t th ~ transportation time of energy

=>1t_p <<t_th, blob is adiabatic

p* < p’ => buoyant and continue to go upward

=> unstable ‘

p* > p’ =>return to original position
P.P => stable
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In adiabatic process,
p*= p(p/p)M(1ly) ... (7.1)

Blob of gas
For the pressure,

p’=p+ (dp/dz)Az ... => (7.1) => linear order in Az

=> p* =p+plyp (dpldz)Az ... (7.2)

For the density,
p’ =p+(dp/dz)Az
Using p=p/RT (eos), atmosphere
=> p’=p + plp(dp/dz)Az - p/T(dT/dz)Az ... (7.3)

From (7.2)&(7.3), -
p*-p’ = [-(1-1ly)plp(dp/dz)+pl/T(dT/dz)]AZz . (
‘ negative '



p* > p’ => stable
=> |dT/dz| < (1-1/y)T/p|dp/dz| ...(7.5)

=> Schwarzschild stability condition

Temperature gradient |dT/dz| is important for whether stable or not.

EOM of displaced blob is...
p*(d"2/dz"2)Az = - (p*-p’)g => (7.4)

=> (d"2/dz"2)Az+1"N2 Az=0 ...(7.6)

where N=gIT [(dTIdz)-(1-1ly)Tlp(dp/dz)]r1I2 ..(7.7)

Stable condition (7.5) => N is real number

=> solution of Eq(7.6) represents oscillatory motion

=> Internal gravity waves

‘ IS not full perturbation analysis.

Z |dT/dz|
A 1
P, P
[ ] atmosphere

-




7.3 Rayleigh-Be’nard convection

Nearly incompressible liquid : water

Z
A d < => come on top of the colder liquid
de=c_p dT
p(de/ot +v + Ve) -V« (KVT) +pV *v=0 ..(3.53)
0 =>dT/ot+v+* VT =kV 2T ...(7.8)
—— K : thermal conductivity (const)
K = K/(p c_p) : thermometric conductivity

(7.8) <= dlot=0,v=0 => T _0(z)=T b-Bz ...(7.10) B=(T_b-T_t)/d

=> p_0(z)=p_b(1+apz) ...(7.11)

a : coefficient of volume expantipon




Perturbations around the equilibrium state

.0 => T.0T.1

p:O = pO0-p baT 1
p0 => pO0+p_1 V1 : arising out of perturbation

Equilibrium state => dp_0/dz=-p _0(z)g ...(7.12)

Perturbation of Navier-Stokes equation
(p. O—p baT _1)[ovi/ot+(vl = V)v1]=-V(p O+pl)+(p O—p baT_1)g+uv*2 vl

...
|

p_b(ovl/ot) =-Vpl —p baT 1g+uvV*2 vl ..(7.14)

(7.8),(7.10) => (F—0+T 1)/dt + v * V (F=0+T_1) = KVA2 (F—0+T 1)

=>0T _1/ot=LBv_1z+kV"2T 1 ..(7.15)




Curl of (7.14) twice,

0/0tV "2 v 1z =ag(0™2 T _1/0x"2 + 0”2 T 2/0y"2) + W™ v _1z ..(7.16)

oT _1/ot=PBv_1z+kV2T 1 ..(7.15)

- 2 equations and 2 variables (T_1,v_12)
- linear
- arbitrary perturbation as a superposition of Fourier component

v_1z (z,t) = W(z) exp(ot + Ik X + ikyy) ..(7.17)
T_1(z,t) =06(z) exp(ot + ik x + ikyy) ...(7.18)

- 0 >0 : perturbation grow
- 0 <0 : decaying perturbation
- 0 =0 : ??? (marginally stable)




(7.17-7.18), 0=0 => (7.15,7.16)

BW + k(d*2/dz"2 — k*2) 8 =0 ... (7.19)

-agk’2 @ + v(d2/dz’2 — k"2)A2 W =0 ... (7.20)

k=k x"2+k_y”*2. On eliminating 6, and we get

vk(d”2/dz*2 — k"2)"3 W = -afigk®2 W ... (7.21)

l z=7'd , k=k’/d

(d"2/dZz'A2 — KA2)A3 W = -RKA2 W ... (7.22)

R=apgd"4/kv : Rayleigh number

‘ Sixth-order differential => we need six boundary condition



The simplest case p* > p’ => stable
=> |dT/dz| < (1-1/y)T/p|dp/dz| ...(7.5)

W(z)=W_0 sinttiz’ ... (7.24)

=>(7.22) => R = (m"2+k"2)"3/k2 ...(7.25)

( R=aBgd™4/kv « B = |dTIdz| ...(7.23) )

K'_c= (TtA2 | 2)A1/2
R c=27m"4 | 4 = 657.5

-R<R _c:

> . . .
oz 2 system is stable against all perturbations

Unstable

-R>R _c:
System is unstable to arbitrary perturbations

o0<0

Stable
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